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Welcome to MultiMat 2026 in Biarritz!

The Atlantic ocean, the Casino, the animated area and the famous French cuisine from the South-West and
Basque country associated to the agreable weather provide a perfect incubator for exceptional science here
at MultiMat 2026 in Biarritz.

The 12 International Conference on Numerical Methods for Multi-Material Fluid Flow (MultiMat 2026)
will push forward the state-of-the-art in the field of compressible multi-phase and multi-material flow
problems. Researchers from academic and/or national institutions will focus their discussions on relevant
numerical methods, including the analysis of such methods as well as the modeling of complex multi-
material flows, which is essential for the investigation and development of new sources of energy, including
inertial confinement fusion.

The MultiMat conference series

MultiMat 2026 is the twelfth edition of a conference series that has, for almost a quarter of a century,
gathered the international community working on numerical methods for multi-material fluid flows. It
follows the previous MultiMat conferences held in Breckenridge (CO, U.S.A., 2024), Ziirich (Switzerland,
2022), Trento (Italy, 2019), Santa Fe (NM, U.S.A., 2017), Wiirzburg (Germany, 2015), San Francisco (CA,
U.S.A., 2013), Arcachon (France, 2011), Pavia (Italy, 2009), Prague (Czech Republic, 2007), Oxford (UK,
2005) and Paris (France, 2002).

This 2026 edition is held at the Centre de Congres Bellevue — Salle des Vagues in Biarritz, from Monday 7
to Friday 11 September 2026. About 100 persons are on-site, and about 60 presentations and 35 posters
are scheduled.

Scientific topics

The scientific program covers the following themes, which also structure the abstracts gathered in this
booklet:

Lagrangian and Arbitrary-Lagrangian-Eulerian Methods
Numerical Methods for Fluid Mechanics

3

Inertial Confinement Fusion, Plasma physics, Radiative transfer
(5] Mesh Adaptation and Interface Methods

6

Solid Mechanics, Materials and Industrial applications

Local organization

Alessia Del Grosso, Vincent Delmas, Pierre-Henri Maire, Raphaél Loubere and Francois Vilar.

Practical information

Venue Centre de Congrées Bellevue — Salle des Vagues
Place Bellevue, Biarritz, France

GPS 43.483, —1.562

Website multimat-2026.eu

Contact contact@multimat-2026.eu



https://multimat-2026.eu
mailto:contact@multimat-2026.eu

Biarritz and the Pays Basque

Biarritz lies on the shore of the Bay of Biscay, in the Basque province of Labourd, at the extreme south-west
of France and less than 25 kilometres from the Spanish border. Along its four kilometres of coastline, sandy
coves and beaches — the Grande Plage below the conference venue, the Port Vieux, the legendary Cote des
Basques — alternate with cliffs and rocky promontories such as the famous Rocher de la Vierge, all under the
mild oceanic climate of the Basque coast, with the foothills of the Pyrénées and the silhouette of La Rhune
closing the horizon to the south.

The town has a long maritime past:
for centuries it lived from whale hunt-
ing, with lookouts posted on the Atalaye
plateau scanning the ocean for the tell-
tale spout, before its sailors turned to
deep-sea fishing and privateering. Its
destiny changed radically in the 19 cen-
tury with the fashion of sea bathing. The
Empress Eugénie, who loved the place,
persuaded her husband Napoléon III to
make it their imperial summer residence:
the Villa Eugénie — today the Hétel du
Palais — was built for her in 1854, and
in their wake the crowned heads and
high society of all Europe flocked to what
became “the queen of beaches and the
beach of kings.” Queen Victoria, King Al-
fonso XIII of Spain and the Russian aris-
tocracy — to whom Biarritz owes its Or-

The Grande Plage of Biarritz, with the Hotel du Palais thodox church — were among its faithful
and the lighthouse of the Pointe Saint-Martin in the background visitors.

During the Belle Epoque and the Roaring Twenties the promenades around the Bellevue belvedere saw the
greatest couturiers of the time open their boutiques, Coco Chanel among them. This prestigious past has
left the town an eclectic architectural heritage of villas, palaces and follies of every style. More recently,
Biarritz hosted the G7 summit in 2019.

Biarritz is also the European capital of surf: introduced from California in the late 1950s, the sport found on
the Cote des Basques some of the finest waves of the Atlantic, and the town has been the cradle of French
surfing ever since. Add to this the Basque traditions of pelota and rugby, the mountains at the doorstep, and
a gastronomy nourished by the ocean and the hinterland — from the stalls of the Halles market to the great
tables of the coast — and one understands why science should thrive here so naturally.

This presentation is summarizged and adapted from the French Wikipedia article “Biarritz”, https://fr.wikipedia.org/wiki/Biarritz
(consulted July 2026), published under the CC BY-SA license.


https://fr.wikipedia.org/wiki/Biarritz

Social events: great science in a magnificent place

MultiMat has always cultivated the conjunction of an outstanding scientific program with venues that inspire
it, and Biarritz is no exception. Perched above the Grande Plage, the Centre de Congres Bellevue offers,
between two sessions on Lagrangian schemes and multiphase flows, an uninterrupted view of the Atlantic
ocean and of the surfers riding the waves that gave the Salle des Vagues its name. The social program of the
conference has been designed in the same spirit: to bring the participants together, in the most emblematic
places of the city, and let scientific discussions continue well beyond the lecture room.

Icebreaking cocktail - Marché couvert des Halles

The conference opens with an icebreaking cocktail held at the Marché couvert des Halles, the covered
market at the heart of Biarritz. Surrounded by the stalls that every morning showcase the best of Basque
and South-West gastronomy, participants will get to know each other — or renew longstanding MultiMat
friendships — over local delicacies, in the warm and lively atmosphere that only a true market hall can offer.
Let us meet on Monday evening starting at 19:30 (7:30PM), at location "Halles Centrale, Rue des Halles".

,ﬁ\ :

The Marché couvert des Halles of Biarritz, host of the icebreaking cocktail

Gala dinner - Rooftop of the Hotel Talaia

The traditional MultiMat gala dinner takes place on the rooftop of the Hotel Talaia. Facing the ocean,
with the sunset over the Bay of Biscay as a backdrop, the gala dinner celebrates the community and the
collaborations — past, present and future — that the MultiMat series has nurtured since 2002. We expect the

Dinner above the ocean: the rooftop terrace by day and at sunset

May the beauty of the Basque coast inspire, once again, great science: we wish all participants an excellent
MultiMat 2026 in Biarritz!



Maps to the “Halles” and “Talaia restaurant”

Map from the "Centre de congrés Bellevue" to "Talaia Hétel & Spa Biarritz", host of the gala diner on its rooftop restaurant
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More than 100 participants on-site

Academics are referred to by the name of the city where their university is located, while researchers and engineers

are identified by their company name:

“Preda Silvia, silvia.preda@math.u-bordeaux.fr Bordeaux, France” from the University of Bordeaux in France.
“Shashkov Mikhail, shashkov@lanl.gov LANL, USA” from the Los Alamos National Laboratory, NM, USA.
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A MULTI-MATERIAL ALE METHOD WITH IMPLICIT LAGRANGIAN STEP
FOR APPLICATIONS IN GEOMECHANICS

D. Aubram*

Technische Universitit Berlin, Chair of Soil Mechanics and Geotechnical Engineering, Strale des 17. Juni 135,
10623 Berlin, Germany.

In this work, an Arbitrary Lagrangian-Eulerian (ALE) method is presented in which multiple materials
(solids, fluids, or gases) and their interfaces may move relative to the computational mesh. The objective
is to simulate very large deformations, shear and vorticity in the context of geomechanics and geotech-
nical engineering. Each ALE solution step is subdivided into a Lagrangian step, rezone step, and remap
step, in which the implicit time integration employed in the Lagrangian step represents a unique feature.
Numerical examples concerned with benchmark problems are presented which highlight the capabilities
of the method.

INTRODUCTION

The simulation of large-deformation phenomena and material flow has become an increasingly important
topic in geomechanics and geotechnical engineering. Representative applications include debris flows, the
post-failure response of slopes, and pile driving. These problems are typically characterized by interactions
among multiple physically distinct materials on different spatial scales [1, 2]. Throughout the process, material
interfaces may continuously evolve, form, or merge. Furthermore, because of its multiphase composition and
intricate internal structure, soil can exhibit either solid-like or fluid-like behavior depending on the prevailing
flow regime. In such cases, the traditional Lagrangian finite element method (FEM) often suffers from reduced
accuracy or even simulation failure, as it enforces the tracking of material interfaces through the computational
mesh. In this work, a multi-material Arbitrary Lagrangian-Eulerian (ALE) formulation is introduced, allowing
materials and their interfaces to move independently of the computational mesh; see [3, 4, 1] for a review of
related formulations and methods.

OVERVIEW OF ALE METHOD

The implementation of the ALE method follows the approach of Benson [5] and decomposes each solution
step into three stages: a Lagrangian step, a rezoning step, and a remapping step. During the Lagrangian step, a
formulation closely aligned with standard FEM procedures is employed, combined with implicit time integra-
tion. Elements intersected by material interfaces are treated as multi-material cells, where each constituent is
governed by its own constitutive model. The interfaces are reconstructed and tracked using the volume-of-fluid
(VOF) method [3, 5], ensuring sufficient accuracy in the flux-based, conservative remapping procedure.

*Correspondence to daniel.aubram @tu-berlin.de
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EXAMPLE APPLICATION

As an example application we consider the retrogressive failure of a long slope made of sensitive clay. The
model contains 92160 two-dimensional elements including void elements, which are empty elements covering
the remaining domain of interest without clay. The sensitive clay material is modeled with a von Mises elasto-
plastic constitutive equation including linear softening and residual shear strength. Figure 1 above shows the
initial model configuration with vertical stress contours and boundary conditions. The process of retrogressive
failure at different time steps is shown in Figure 1 below, where the equivalent plastic strain contours highlight
shear zones and sliding surfaces.
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FIGURE 1: Initial model configuration and boundary conditions (above), and simulated process of retrogres-
sive slope failure at different time steps (below).
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SMOOTHED PARTICLE RADIATION HYDRODYNAMICS IN A VACUUM

Brody Bassett?*, Doug Miller?
4 Pacific Fusion, 6082 Stewart Ave, Fremont, California, 94538, USA.

ABSTRACT

Approximations to the radiation diffusion equations are presented that permit mixed hydrodynamics and
vacuum regions in a smoothed particle hydrodynamics code. The radiation diffusion equations are dis-
cretized in time with backward Euler and accelerated using nonlinear elimination. Challenges including
flux limiting, zero-density opacities, vacuum particle management via Voronoi tessellations with Lloyd
iterations, and the isotropic limitation of diffusion in the free-streaming regime are discussed. Results
include validation of radiation propagation through a vacuum at the speed of light and a 2D foil ablation
problem comparing the vacuum treatment against an ideal gas substitute.

INTRODUCTION

In this abstract, approximations to the radiation diffusion equations are presented that permit mixed hydro-
dynamics and vacuum regions in a smoothed particle hydrodynamics code. For recent reviews on radiation
in smoothed particle hydrodynamics and astrophysics, see Refs. [1, 2, 3]. The radiation diffusion equations
provide a good approximation to the radiation transport equation in the diffusion limit, which occurs when the
photon mean free path is much smaller than other characteristic length scales in the problem. In this limit, the
radiation is nearly isotropic and the approximations that (1) the specific (angularly-dependent) photon inten-
sity can be truncated at the first spherical harmonic and (2) the time dependence of the photon current can be
neglected are correct. As the opacities decrease, the problem shifts toward the free-streaming limit where the
photon mean free path is considerable compared to other problem features, which presents a few challenges.

CHALLENGES

The first problem is that the standard diffusion coefficient describes bulk propagation with a velocity that
can be greater than the speed of light [4]. The flux-limited diffusion approximation [5] limits the propagation
speed of the diffusion equation to the speed of light where needed. The results in this paper use the Larsen flux
limiter [6].

The second problem is that the diffusion coefficient contains a 1/0; term and o; o< p (the density), which is
zero in a vacuum region. The approximation made here is that the total opacity o; contains only a scattering
component Oy, which is constant spatially and independent of density.

The third problem is specific to the integration of diffusion into a Lagrangian hydrodynamics code and
is especially pronounced in smoothed particle hydrodynamics: the resolution follows mass, not volume. aTo
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allay this, extra, vacuum-specific particles are added to the simulation and are evolved to fill gaps between the
hydrodynamic particles using a Voronoi tessellation with Lloyd iterations.

The final problem with diffusion in the free-streaming limit is that diffusion is isotropic, while the specific
intensity can be strongly directional or even monodirectional. This problem is left untreated here and is the
largest source of potential error in the continuous equations.

THEORY

The radiation diffusion equations are discretized in time with backward Euler and accelerated using non-
linear elimination [7]. The material energy equation is solved using Newton iteration, while the multigroup
radiation diffusion equation is solved implicitly,

1 1
Ay Be—V DeVE + 04 Ey = By +cOu By,

where Ej is the radiation energy, D, the diffusion coefficient, o, , the absorption opacity, and B, the per-group
emission. The diffusion derivative is discretized in space using a simple diffusion derivative approximation [8]
and the coupling to hydrodynamics is detailed for grey diffusion in Refs. [9, 10]. In a vacuum, the material
energy equation disappears and the diffusion equation becomes éEg —V-D,VE, =0, with D, calculated using
only a chosen scattering opacity O , as mentioned previously. The solve for the material energy and its coupling
to the radiation diffusion equation disappear and the grey acceleration equation collapses to be a simple sum of
the diffusion equations for each group.

The radiation diffusion here is implemented in Spheral, which optionally creates a pseudo-Voronoi tessella-
tion. When vacuum points are active, these relax to the center of the Voronoi cells at the end of each time step
before the radiation diffusion performs its implicit update. This effectively fills the space between the hydrody-
namic particles. During a hydrodynamics update, the vacuum nodes are ignored entirely and do not contribute
to the hydrodynamic derivatives except that the radiation energy in the vacuum nodes is used together with that
in the hydrodynamic nodes to compute the radiation energy gradient used in the radiation pressure term in the
velocity equation. The volume change equation remains the same for the vacuum and hydrodynamics particles

n—1\ 4/3
V,' ! / En71
Vi ig -

as they are compressed or rarefied, E; , = (

RESULTS
Radiation through a vacuum

This problem simulates radiation flowing from a boundary source on the left through a vacuum. The radia-
tion source is held at 0.3 keV ( 3.481 x 10° K) and the length of the problem is 1.0 cm. Three energy groups
are used with upper energy group bounds of [0.0464, 2.154, 100] keV and a constant scattering opacity for all
groups of 0.001 cm~!.

Figure 1 shows the position of the half-max magnitude radiation energy with time for problems run with a
varying number of points across the vacuum. As expected, the speed of the wave converges to the speed of light
with an increasing number of points, with an error of 5 percent in the estimated wave speed with 512 points.

Ablation of a foil

This problem is similar to the first, but is run in 2D with a 0.09 keV ( 1.044 x 10° K) radiation source on
the left and a 0.1 cm slab of material on the right separated by a 0.4 cm vacuum region. The second dimension
has a height of 0.1 cm and periodic boundaries. The vacuum has a constant opacity of 0.1 cm™!, while the slab
uses 11-group opacities from TOPS and a y = 5/3 gamma law gas equation of state with an initial density of
2.7 glem’.

Results are included in Fig. 2 for three cases: Spheral with a vacuum, Spheral with a diffuse ideal gas,
and FLASH [11] with a diffuse ideal gas. Spheral and FLASH agree reasonably well when run with similar
parameters and an ideal gas substitute for the vacuum. In Fig. 1a, it appears that Spheral has a hydrodynamic
instability between the slab and ideal gas. Because the radiation struggles to transport past this first ablated
layer of particles, the velocity inside the problem is lower. With the vacuum treatment, the vacuum particles in-
tersperse between the hydrodynamic particles and permit continuous ablation without the hydrodynamic shock
seen in the ideal gas cases. The results later in time (Fig. 1b) show a larger inward velocity in the vacuum case.
The particles are freely ablating without the resistance provided by mocking up the vacuum as an ideal gas.
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DYNAMIC SUBGRID-SCALE EDDY VISCOSITY WITH ADAPTIVE MESH
REFINEMENT

Alexandra Baumgart®*, Brandon E. Morgan?

2 Lawrence Livermore National Laboratory, Livermore, CA 94550, USA.

This work leverages adaptive mesh refinement for computing a dynamic subgrid-scale eddy viscosity.
The approach is demonstrated for the large eddy simulation of the Richtmyer-Meshkov instability.

INTRODUCTION

Large eddy simulation (LES) is a useful framework for reducing the computational cost of turbulent flows.
By solving the spatially-filtered Navier-Stokes equations, the smallest flow scales do not need to be resolved;
many models exist for closing these subgrid scale terms. One such model, dynamic subgrid scale eddy viscosity,
derives from relating subgrid scale stresses at the “grid filter” scale to those at a larger “test filter” scale.

For practical large scale simulations, adaptive mesh refinement (AMR) is beneficial for maintaining fine
resolution around important flow features, allowing for coarser resolution elsewhere. However, an adaptive
mesh results in local grid and test filter scales that evolve during the simulation, posing a challenge for explicit
test filter stencils. This work aims to leverage the AMR hierarchy directly in the test filter operation.

METHODOLOGY
The spatially-filtered momentum equation is
814, 0 ap p 06;; 95;; 0
_l ij) = 5. \Yj)s 1
B o W) =~ 50 g T o, (W) ()
with the subgrid-scale stress,
Tij = Willj — Wil . 2)

A common approach to closing 7;; is through a subgrid-scale eddy viscosity model, such as that of Smagorinsky,

S G S|C
T — ?Jfkk =-2vS;; = —2CA2|S|Sij~ 3

To close 7;;, Germano et al. [1] introduced a dynamic subgrid-scale eddy viscosity. In this model, two subfilter-
scale stresses are considered. First, the subgrid-scale stress (as in Eq. (3)) where the filter width A corresponds
to the grid size; second, the subfilter-scale stress corresponding to a larger test filter, indicated by -,

. n 5 FURPA
T = wu; — il n,—ngk:—ch2|s|s,-,,
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where A is the test filter length scale. The difference between the subtest-scale stress and subgrid-scale stress is

6-- PSSV NN -
Lij— %ka = 2C(A*|S|S;; — A%[S]Sij) = 2CM;;. 5)
During the simulation, the coefficient C is the only unknown in Eq. (5); the grid-filtered velocity components
it; are the transported quantities, and are used to compute S; ;- The test filter operation is calculated explicitly.
This enables the dynamic calculation of the eddy viscosity coefficient as
1 (Li;Sij) _ LMy ©)

— or .
2 (Mi;Sij) 2 MiM;

The angle brackets indicate spatial averaging in homogeneous directions. The latter form was introduced by
Lilly [2] to improve the numerical stability of the denominator.

In the present work, two test filters are investigated. The first is an explicit box filter. The second test filter
leverages the AMR hierarchy, taking the coarser solution and refining it to the finer level. This allows the AMR
communication framework to be used, improving the robustness of the test filter operation.

1 RESULTS

Dynamic large eddy simulation of a Richtmyer-Meshkov instability with reshock is performed. AMR is used
for maintaining fine resolution around the shock and mixing layer, so this problem is a good demonstration of
the AMR-based test filtering approach. Compared with the constant Smagorinsky model in Fig. 1, the dynamic
eddy viscosity model captures the evolution of key quantities including turbulent kinetic energy. The AMR-
based test filter is found to be more robust compared to the box filter.
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FIGURE 1: Time evolution of the Richtmyer-Meshkov problem for each model.
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A STRUCTURE-PRESERVING AND THERMODYNAMICALLY COMPATI-
BLE CELL-CENTERED LAGRANGIAN FINITE VOLUME SCHEME FOR
CONTINUUM MECHANICS

W. Boscheri #*
4Laboratoire de Mathématiques UMR 5127 CNRS, Université Savoie Mont Blanc, 73376 Le Bourget du Lac, France.

In this talk we present a novel structure-preserving scheme for the discretization of the Godunov-Peshkov-
Romenski (GPR) model of continuum mechanics written in Lagrangian form. This model admits an extra
conservation law for the total energy (first principle of thermodynamics) and satisfies the entropy in-
equality (second principle of thermodynamics). Furthermore, in the absence of algebraic source terms,
the distortion field of the continuum and the specific thermal impulse satisfy a curl-free condition, pro-
vided the initial data are curl-free. Last but not least, the determinant of the distortion field is related to
the density of the medium, i.e. the system is also endowed with a nonlinear algebraic constraint. The
objective of this work is to construct and analyze a new semi-discrete thermodynamically compatible
cell-centered Lagrangian finite volume scheme on moving unstructured meshes that satisfies the follow-
ing structural properties of the governing PDE exactly at the discrete level: i) compatibility with the first
law of thermodynamics, i.e. discrete total energy conservation; ii) compatibility with the second law of
thermodynamics, i.e. discrete entropy inequality; iii) exact discrete compatibility between the density and
the determinant of the distortion field; iv) exact preservation of the curl-free property of the distortion field
and of the specific thermal impulse in the absence of algebraic source terms. We show that it is possible to
achieve all above properties simultaneously. Unlike in existing schemes, we choose to directly discretize
the entropy inequality, hence obtaining total energy conservation as a consequence of an appropriate and
thermodynamically compatible discretization of all the other equations.
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ADER SCHEMES GO FASTER AND FASTER

S. Chiocchetti**, G. Gassner?

2 Institute of Mathematics, University of Cologne, Germany.

ABSTRACT

The higher efficiency of ADER numerical schemes [1] with respect to similar semi-discrete methods
is often cited as one of their main benefits, and attributed to their communication-avoiding properties.
Since 2006-2008 [2, 3], thanks to the introduction of a local DG predictor step replacing the Cauchy—
Kovalewskaya procedure, these numerical methods offer greater versatility, making them well suited for
applications to general PDE systems. This talk focuses on the algorithmic performance of the schemes on
the node-level and simplifying their implementation.

We discuss how numerical methods of the ADER family can be pushed to the extreme for applications in
fluid flow. We show how some appropriate choices of basis functions can be used to construct very simple
and efficient space-time evolution operators that are valid on arbitrary geometries. We show how partial
orthogonalization of the basis functions and sparsity patterns and in the space-time operators, initially
studied in this work as a purely implementation-level optimization, can explicitly guide the construction
of the scheme, where the implementer can choose the “preferable” option depending on hardware-level
considerations like minimizing storage requirements or minimizing floating point operations in the DG
predictor step which constitutes the core of the scheme. The talk tries to give some insights on the co-
design process of these numerical methods where implementation takes a central role. We also try to
compare with even simpler numerical schemes, where optimization has been pushed even further.
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MULTI-MATERIAL THERMAL CONDUCTION SOLVERS FOR INERTIAL
CONFINEMENT FUSION SIMULATIONS

D. Chipman?*, B. M. Haines?, I. Gonzalez?, S. Miller®

2 Los Alamos National Laboratory, PO Box 1667, Los Alamos, NM, 87545
b Laboratory for Laser Energetics, University of Rochester, 250 E River Road, Rochester, NY, 14623

ABSTRACT

Indirectly driven inertial confinement fusion (ICF) experiments compress layered hydrogen-isotope cap-
sules to thermonuclear conditions by converting high-energy laser energy into radiation within a high-Z
hohlraum. Multi-material radiation-hydrodynamic codes such as xRAGE, developed at Los Alamos Na-
tional Laboratory, are employed for the design, modeling, and analysis of ICF experiments [1]. Accurate
modeling of laser-to-radiation energy conversion in the hohlraum is essential for predictive simulations.
Early in the pulse, laser energy is deposited in thin, optically-dense regions, producing steep temperature
gradients that strain the nonlinear thermal-conduction solvers. The resulting unconverged hotspots can
lead to unphysical behavior or simulation crashes.

The nonlinear thermal-conduction equations are solved implicitly, using a linearization of the temperature-
dependent conductivity. This approximation works for smooth gradients but fails when coupled to laser
physics. The accelerated pseudo-transient (APT) method [2, 3] introduces a dual-time iteration in phys-
ical and pseudo-time, mitigating the limitations of the linearization. We describe the development and
implementation of this solver in XRAGE and demonstrate that it improves both runtime performance and
physical fidelity of fully integrated hohlraum-capsule simulations.

ACKNOWLEDGMENT

This work was supported by the U.S. Department of Energy through the Los Alamos National Laboratory.
Los Alamos National Laboratory is operated by Triad National Security, LLC, for the National Nuclear Security
Administration of U.S. Department of Energy (Contract No. 89233218CNA000001). Released under LA-UR-
26-22641.

REFERENCES

[1] B. M. Haines, et al., The development of a high-resolution Eulerian radiation-hydrodynamics simulation
capability for laser-driven hohlraums Physics of Plasmas, vol 29, 2022.

[2] A. L. Gaitonde, A dual-time method for two-dimensional unsteady incompressible flow calculations In-
ternational Jounral for Numerical Methods in Engineering, vol 41, 1998.

[3] L. Rass, et al., Assessing the robustness and scalability of the accelerated pseudo-transient method Geo-
scientific Model Development, 2022.

*Correspondence to dchipman@lanl.gov

MULTIMAT

29 BIARRITZ



30



o Bﬂl ARRL .g, ¥

12th MULTIMAT conference, 7-11 September 2024

e

EFFICIENTLY ACHIEVING CONVERGENCE IN MAGLIF SIMULATIONS
WITH THINC

Henry Collis**, Scott Davidson?, C. Leland Ellison?, Jason Hamilton?, Nathan Meezan?, Adam
Reyes?,
@ Pacific Fusion, 6082 Stewart Ave., Fremont, California 94538, USA

ABSTRACT

Modeling multi-material flows requires numerical representations of interfaces that robustly capture ma-
terials with differing physical properties. Traditional Eulerian methods rely on numerical diffusion to
stabilize interfaces, but often require prohibitively fine mesh resolution to counteract numerical material
mixing and achieve convergence. Lagrangian approaches avoid interface mixing, but struggle when large
deformations lead to highly distorted meshes. Arbitrary Lagrangian—Eulerian (ALE) methods attempt to
balance these approaches by remapping fields from a Lagrangian mesh to an Eulerian mesh, but introduce
additional complexity and can reintroduce diffusion when remapping is frequent. As a result, ALE meth-
ods are widely used in inertial confinement fusion (ICF) simulations, yet are computationally expensive,
algorithmically complex, and still struggle with controlling material mixing.

In this work, we demonstrate that a purely Eulerian interface-capturing approach—Tangent Hyperbola IN-
terface Capturing (THINC)—can achieve yield-converged MagLIF implosion simulations at substantially
reduced cost compared to standard upwind-biased Eulerian schemes. THINC provides a high-resolution,
low-dissipation representation of material interfaces by incorporating sharpening directly within the finite-
volume reconstruction, maintaining interface thicknesses of approximately 2—3 computational cells. As
a result, grid convergence can be achieved with a purely Eulerian solver at practical resolution, without
requiring the complexity of an ALE formulation.

Moreover, the inherent interface sharpening provided by THINC enables a delayed-refinement strategy as
an additional benefit for the liner-fuel interface in MagLIF. When studying clean implosions, simulations
may be initialized on relatively coarse meshes and refined later in time. The numerical re-sharpening from
the THINC reconstruction can sharpen the planar fuel-liner interface following refinement and recover
the converged solution by effectively canceling out early time numerical diffusion errors. This allows
convergence to be achieved without requiring high resolution around material interfaces throughout the
simulation, providing further reductions in computational cost. All simulations are performed using the
FLASH multi-physics framework with block-structured adaptive mesh refinement (AMR).

BACKGROUND

We solve the multi-species 3T (rad-hydro) extended MHD equations through the FLASH multi-physics
solver for modeling ICF MagLIF implosions [1]. In the hydrodynamics solve, Total-Variational-Diminishg
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(TVD) limiters are used to interpolate fields in the finite volume reconstruction. TVD limiters use numerical
diffusion to avoid oscillations caused by dispersion errors. The diffusive mechanism keeps oscillations from
occurring around sharp gradients in fields. Material interfaces are not self-sharpening, and the added numerical
diffusion from a TVD limiter results in increasing the spatial extent of the mixing zone separating material
interfaces over time. Existing approaches for restricting this diffusion include using less dissipative limiters
and increasing spatial resolution around material interfaces. Instead, the THINC interpolation offers a balance
of compressive and diffusive characteristics to keep interface thickness bounded in time, while avoiding adding
spurious oscillations. The appropriate application of THINC around material interfaces reduces the need to
increase spatial resolution to only restrict the negative effect of the numerical diffusion from TVD limiters.
THINC uses hyperbolic tangent profiles to interpolate variables from a cell-center to a cell-face. The function
is defined as

9i-1+9it1 | 9iv1 —9di-1 X=X
i(x) = + tanh —d;
Ql( ) 2 2 B A 4
where (*) indicates an averaging operator over a cell, f is a user parameter to determine the interface thickness,
and the location of the center of the hyperbolic tangent function within each cell, d;, is determined by satisfying
the following conservation condition,

1 [*i+1)2 d
A Xi—1/2 QI(X) e
The evaluation of this condition has been derived and algebraically formulated to strictly preserve the spatial-
symmetry property of the numerical solution [2]. Although THINC works well for capturing sharp gradients,
it can produce numerical artifacts (e.g. grid-alignment) when used in smooth zones. To produce accurate
solutions in both smooth zones and around interfaces, THINC is hybridized with an existing TVD limiter to
activate only around sharp gradients. The hybridization function used in this work is based on a boundary-

variation-diminishing (BVD) condition [2].

RESULTS

In Table 1 the fusion yield is reported for both TVD and THINC reconstructions for simulations of a high-
gain MagLIF target. Table 1 reports the yield using a static maximum refinement level around the fuel-liner
interface, as well as a time-varying interface refinement level. In the static refinement case the THINC scheme
is able to surpass the max yield produced using the TVD scheme at a 4x coarser resolution — 1.5 microns vs
0.375 microns. Additionally, THINC can recover the full yield with a late-in-time refinement strategy.

TABLE 1: Yield comparison for the delayed refinement in time approach (2D) and a static refinement approach
(1D) with using a traditional TVD scheme and THINC

TVD yield (2D) THINC yield (2D) TVD yield (1D) THINC yield (1D)
Max refinement time-based refinement time-based refinement static refinement  static refinement
(MJ/cm) (MJ/cm) (MJ/cm) (MJ/cm)
3 um 180 2005 1207 2003
1.5 um 351 2349 1870 2371
0.75 um 380 2443 2154 2463
0.375 um 380 2509 2265 2505

Figure 1 shows the application of THINC to the mass-fraction profile of deuterium-tritium fuel (blue) profile
during a 2D periodic extension of a 1D MagLIF implosion using the late-in-time refinement approach (first
two columns of Table 1). The left shows the mass-fraction profile when a traditional TVD-limiter is used to
capture the fuel-liner interface and the right shows the THINC reconstruction. For these simulations the mesh
refinement starts at 12 microns and is increased around the interface over time. The THINC reconstruction
sharpens the interface to the scale of the local grid resolution for each refinement level, whereas the TVD
limiter only presents an interface at the scale of the original 12 micron mesh. The difference in the liner-fuel
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mixing region length-scales results in a large degradation of performance of the TVD scheme compared to
THINC scheme, even though the wall-time for both simulations are comparable.
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FIGURE 1: Comparison of fuel (blue) mass fraction in a 2D periodic MagLIF simulation when using a late-in-
time refinement strategy around the liner-fuel interface for tradition TVD reconstruction (left) and the THINC
interface capturing reconstruction (right). Both simulations are initialized with 12 micron mesh resolution and
refinement around the liner interface is increased during the implosion.
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TRIANGULAR-BASED AMR AND APPLICATION TO FLUID-STRUCTURE
INTERACTION

S. Del Pino®*, I. Marmajou ®

4 CEA, DAM, DIF, F-91297 Arpajon, France.
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We present a triangular-based mesh adaptation method to deal with fluid-structure interaction in shock
dynamics.

Since their introduction, cell-centered semi-Lagrangian schemes [3, 8] have proved their efficiency. They
have been extended to high-order accuracy, to solid mechanics or to MHD for instance. Nevertheless one
of their major strengths is their natural compatibility with remeshing techniques (such as indirect-ALE for in-
stance). Indeed, their finite-volume nature and their total energy formulation simplify the writing of a conserva-
tive remapping. Beyond classical rezoning-remapping approaches, connectivity changes have been investigated
in [5, 7, 1, 2] for instance.

On the other hand, if providing a conservative method to deal with fluid-structure interaction remains an
issue, in a large part of the literature, the extension of cell-centered schemes treats it naturally. Indeed, semi-
Lagrangian schemes developed in [6, 4] provide natural conservative coupling at the interface since (in those
cases) the hyperelastic solvers naturally degenerate to Euler solvers.

We shall present how the use of conformal remeshing techniques can lead to efficient and robust solvers to
treat fluid-structure interaction in presence of shocks.
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A NOVEL TWO-PHASE FLOW FORMULATION THROUGH DISPERSIVE
REGULARIZATION
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In this talk, we describe a novel symmetric-hyperbolic two-phase flow model derived from variational
principles. The key novelty lies in the introduction of a dispersive regularization term via the material
derivative of the volume fraction, ensuring hyperbolicity and energy conservation. The resulting system,
which can be interpreted as a consistent approximation of the classical two-velocity one-pressure model,
overcomes the well-known hyperbolicity issues of the classical two-fluid formulations, such as the Baer-
Nunziato model, in regimes where standard pressure-equilibrium formulations fail. To handle the stiff
relaxation source terms efficiently without restrictive time-step constraints, an IMEX Runge-Kutta time
integrator is employed. Numerical simulations illustrate the validation of the proposed model on several
benchmark test cases, including smooth solutions, Riemann problems and strong shocks.
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DESIGN AND DEVELOPMENT OF INNOVATIVE NUMERICAL METHODS
TO SOLVE THE 3D NAVIER-STOKES EQUATIONS IN THE HYPERSONIC
REGIME ON HYBRID MESHES

Vincent Delmas *>¢*, Raphaél Loubere >, Pierre-Henri Maire ¢
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b Institut de Mathématiques de Bordeaux (IMB), Université de Bordeaux, CNRS, Bordeaux INP, Talence, France
¢ Laboratoire de Recherche Correspondant Anabase, Talence, France

The objective of this presentation is to develop robust and accurate numerical methods for the simulation
of three-dimensional hypersonic flows around vehicles with complex geometries [1, 2, 3, 4]. The flow regimes
considered correspond to flight altitudes at which the continuum hypothesis remains valid, and the fluid behav-
ior is governed by the compressible Navier—Stokes equations, expressing the conservation of mass, momentum,
and energy.

Hypersonic flows, characterized by velocities far exceeding the speed of sound, involve extreme physical
phenomena. In particular, strong detached shock waves generate abrupt discontinuities in the flow variables,
leading to a significant conversion of kinetic energy into internal energy and, consequently, to very high tem-
peratures. Additionally, a very thin boundary layer develops along the vehicle surface, where steep velocity
and temperature gradients normal to the wall induce intense momentum and energy transfers. These combined
effects result in severe aerodynamic and aerothermal loads. Their accurate numerical prediction—especially
of wall heat fluxes—remains a major challenge in the design of thermal protection systems for hypersonic and
space vehicles.

This work focuses on the development of a robust and accurate subface-based, cell-centered finite volume
method for solving the three-dimensional compressible Navier-Stokes equations in hypersonic regimes on hy-
brid unstructured meshes [1, 4]. While unstructured grids are essential for handling complex geometries, they
impose stringent requirements in terms of robustness, stability, and accuracy. A key difficulty lies in the si-
multaneous resolution of strong bow shocks ahead of the vehicle and thin flow structures developing along its
potentially non-smooth surface. Sufficient numerical dissipation is required to stabilize shock waves, whereas
excessive dissipation deteriorates the resolution of small-scale features. One of the central objectives of this
work is therefore to achieve a careful balance between these competing requirements.

Concerning the discretization of the 2D/3D Euler equations, a novel positivity-preserving cell-centered finite
volume discretization of the is proposed. The method relies on a partitioning of each cell face into subfaces
associated with mesh nodes. Subface fluxes are computed using an approximate Riemann solver based on the
mean states of adjacent cells and on a nodal velocity projected onto the subface normal. Global conservation
is enforced by requiring that the sum of subface fluxes around each node vanishes, which uniquely determines
the nodal velocities. This approach eliminates classical numerical instabilities such as odd—even decoupling
and the carbuncle phenomenon. With a suitable design of the Riemann solver and an appropriate explicit CFL
condition, both positivity and entropy preservation can be established.
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The resulting first-order subcell-based finite volume scheme is further extended to second-order accuracy
using a piecewise-linear limited reconstruction combined with a MUSCL-Hancock time discretization [2, 1, 4].
Several second-order reconstruction strategies have been assessed on both academic and more challenging test
cases (see, e.g., the ARD test in Figure 1). Combined with a monolithic flux limiting procedure, the overall
scheme demonstrates strong robustness and stability, even for demanding configurations. Finally, the perfor-
mance of the proposed overall numerical schemes is demonstrated on a range of three-dimensional hypersonic
test cases, highlighting both their robustness and accuracy.

Due to time constraints, we will not detail the discretization of the diffusion term. Instead, we will present
the general underlying approach and evaluate the performance of the overall simulation code for the Navier—Stokes
equations on unstructured 3D meshes by analyzing the heat flux around reentry objects [4].

{a) 1*'-order (b) 2 order method 2 {c) 2"%-order method 4

FIGURE 1: Atmospheric reentry demonstrator at Mach 24. Top: Mesh using only tetrahedra in the far-field
and triangular basis prisms near the surface. Bottom: Mach isosurfaces for different schemes.
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A FIRST-ORDER HYPERBOLIC REFORMULATION OF THE CAHN-
HILLIARD EQUATION
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We present a new first-order hyperbolic reformulation of the Cahn-Hilliard equation [1]. The model is ob-
tained from the combination of so-called augmented Lagrangian techniques with a classical Cattaneo-type
relaxation that allows to reformulate diffusion equations as augmented first order hyperbolic systems with
stiff relaxation source terms. The proposed system is proven to be hyperbolic and to admit a Lyapunov
functional, in accordance with the original equations. A new numerical scheme is proposed to solve the
original Cahn-Hilliard equations based on conservative semi-implicit finite differences, while the hyper-
bolic system was numerically solved by means of a classical second order MUSCL-Hancock-type finite
volume scheme. The proposed approach is validated through a set of classical benchmarks such as spin-
odal decomposition, Ostwald ripening and exact stationary solutions.
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ABSTRACT

In this talk we present implicit time discretizations of the high-order curvilinear finite element methods
for Lagrangian hydrodynamics introduced in [1]. We use singly diagonal implicit Runge-Kutta (SDIRK)
methods which require the solution of a nonlinear system, involving the time-dependent operator of the
spatially discretized hydrodynamics equations, at each time stage. To solve these systems using gradient
based methods like Newton’s method, we construct the operator gradient using the JFEM framework
of MFEM [5], based on the Enzyme automatic differentiation (AD) tool [2]. We discuss the general
discretization approach and modifications that were required to ensure smooth differentiability of the
discrete operators including artificial viscosity smoothing similar to the one presented in [3]. Finally, we
demonstrate the behavior of the methods, implemented in the Laghos miniapp [4], and their performance
on a suite of hydrodynamics benchmarks including Sedov’s blast, the triple-point, and the smooth Taylor-
Green vortex problems. Prepared by LLNL under Contract DE-AC52-07NA27344.

REFERENCES

[1] V. Dobrev, Tz. Kolev, and R. Rieben, High-order curvilinear finite element methods for Lagrangian hy-
drodynamics, SIAM J. Sci. Comp., 34 (5), pp. 606-641, 2012, https://doi.org/10.1137/120864672.

[2] W. S. Moses, V. Churavy, L. Paehler, J. Hiickelheim, S. H. K. Narayanan, M. Schanen, and J. Doerfert,
Reverse-mode automatic differentiation and optimization of GPU kernels via Enzyme, Proceedings of the
International Conference for High Performance Computing, Networking, Storage and Analysis (SC21),
2021, https://doi.org/10.1145/3458817.3476165.

[3] K. Korner, B. Talamini, J. Andrej, M. Tupek, W. Moses, D. Tortorelli, R. Rieben, Tz. Kolev, J. Bramwell,
D. White, J. Belof, and W. Schill, Differentiable Lagrangian shock hydrodynamics with application to sta-
ble shock acceleration of density interfaces, Computer Methods in Applied Mechanics and Engineering,
451, pp. 118663, 2026, https://doi.org/10.1016/j.cma.2025.118663.

[4] Laghos: High-order Lagrangian hydrodynamics miniapp, https://github.com/CEED/Laghos.

[5] MFEM: Modular finite element methods library, https://mfem.org.
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POLYTOPAL SCHEMES FOR CONTACT PROBLEMS IN FRACTURED ME-
DIA

Jérome Droniou ®P*,

2 Institute of Mathematics Alexander Grothendieck, CNRS, France,
b School of Mathematics, Monash University, Australia

We present two numerical schemes for contact mechanics with various contact models (Tresca, Coulomb).
Both schemes are applicables on meshes made of generic polyhedra, and differ by their order of approxi-
mation: one is low order and is enriched with “bubbles” for stabilisation purposes, the other is of higher
order and naturally stable as well as locking-free. Convergence of these schemes is rigorously obtained,
and their efficiency is compared through numerical tests.

INTRODUCTION

We present two schemes, applicable on polyhedral meshes, for a mechanical model of fractured media. The
displacement of the porous matrix is subjected to linear elasticity, but can be discontinuous across fractures.
Different contact models, possibly allowing for friction, can be considered along the fractures. The representa-
tion of the contact conditions is done by the introduction of Lagrange multipliers, representing normal tractions
along the fractures.

MODEL

We consider a domain © C R? with a fracture network I, represented by a union of portions of planes; along
each of these portions we arbitrarily fix a positive and negative side of the fracture. The contact problem with
Tresca friction reads

—divo(w =1 on L, p o <0 [u]e <0, [u]aTa(w) =0 onT,
(tre(u))h) on Q\T, |Tr(u)|<g onT,
T:(u)-[u];+g|[u]:/=0 onT,

A%
1-2v
Yao(u)+% o(w)=0 onT,

where u: Q\I' — R3 is the displacement, g > 0 is the Tresca threshold, v and E are the Poisson ratio Young’s
modulus E, I5 is the 3 x 3 identity matrix, and the normal and tangential surface tractions are T,(u) = % o (u) -
n" and T;(u) = % o(u) — T, (u)n™ (%" represents the trace on the positive/negative fracture side).

*Correspondence to jerome.droniou@cnrs.fr
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SCHEMES

To account for the contact conditions along the fractures, we introduce a Lagrange multiplier A representing
the negative normal traction, and the model can then be recast as a variational inequality with a saddle point
form: Findu € H}(Q\T) and A € € (the cone translating the contact conditions)

/G(u): £(V)+<7L,[[Vﬂ>r:/f-v Vv € Uy,
Q Q
(u—=2,u)r<0 VU € ¢y

(1

The lowest-order scheme [2, 1] (LO) has unknowns at all the mesh nodes, as well as on the fracture faces.
Each node outside I" is associated with one displacement while, to account for the possibly discontinuity of u
across fractures, each node on I' is associated with as many displacement as there are fracture sides at this node

(see Figure 1). The fracture face displacements, which

represent “bubbles”, have a stabilising role: they ensure

the inf-sup property between the displacement space and

the Lagrange multiplier space (made of piecewise constant

tractions). Using the displacement unknowns, local op-

e nodal unknowns erators (symmetric gradients, traces, jumps) can be con-
structed and used to write a scheme for (1).

The higher order scheme [3] (HO) is built on a richer

S/. A\ Q.S’

r . .
FIGURE 1: Unknowns for the low-order scheme P2¢%: including the same nodal unknowns, but also edge,
(T in blue) face and element unknowns (edge and face unknowns are

also multiplied on each side of the fractures). These allows
to naturally define quadratic approximation of displacements and, due to the presence of face unknowns and
the choice of a suitable interpolator, also yield the inf-sup condition as well as a locking-free method.

RESULTS

Error estimates (H Uin the displacement, H -1/2

for Lagrange multipliers) been proved for both schemes:
O (h) for (LO), &(h3/?) for (HO) without friction (g = 0),
and @' (h) for (HO) with friction (g # 0); (HO) is moreover
locking-free, in the sense that the constants in the error es-
timates do not depend on the Poisson ratio. Numerical evi-
dence shows that (HO) seems to actually achieve an &'(h?)
convergence (with or without friction). The improved be-
haviour of (HO) over (LO) is also illustrated on qualitative
measures, in better approximation of the Lagrange multi-
plier (see Figure 2).

(LO) has also been coupled in full poroelastic models,
including for Coulomb friction, and displayed a good be-
haviour in this case [1]. The adaptation of (HO) in such a
model is an ongoing work.

FIGURE 2: Normal component of Lagrange
multiplier. Left: (LO), right: (HO).
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A SIMPLE AND GENERAL FRAMEWORK FOR THE CONSTRUCTION OF
EXACTLY DIV-CURL-GRAD COMPATIBLE DISCONTINUOUS GALERKIN
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M. Dumbser?®*, R. Abgrall*®, P.-H. Maire

2 University of Trento, Italy
b University of Zurich, Switzerland
¢ CEA, France

ABSTRACT

We introduce a new family of discontinuous Galerkin (DG) finite element schemes for the discretization
of first order systems of hyperbolic partial differential equations (PDE) on unstructured simplex meshes
in two and three space dimensions that respect the two basic vector calculus identities exactly also at the
discrete level, namely that the curl of the gradient is zero and that the divergence of the curl is zero. The
key ingredient here is the construction of two compatible discrete nabla operators, a primary one and a
dual one, both defined on general unstructured simplex meshes in multiple space dimensions. Our new
schemes extend existing cell-centered finite volume methods based on corner fluxes to arbitrary high order
of accuracy in space. An important feature of our new method is the fact that only two different discrete
function spaces are needed to represent the numerical solution, and the choice of the appropriate function
space for each variable is related to the origin and nature of the underlying PDE. The first class of variables
is discretized at the aid of a discontinuous Galerkin approach, where the numerical solution is represented
via piecewise polynomials of degree N and which are allowed to jump across element interfaces. This set
of variables is related to those PDE which are mere consequences of the definitions, derived from some
abstract scalar and vector potentials, and for which involutions like the divergence-free or the curl-free
property must hold if satisfied by the initial data. The second class of variables is discretized via classical
continuous Lagrange finite elements of approximation degree M = N + 1 and is related to those PDE
which can be derived as the Euler-Lagrange equations of an underlying variational principle. The primary
nabla operator takes as input the data from the FEM space and returns data in the DG space, while the
dual nabla operator takes as input the data from the DG space and produces output in the FEM space.
The two discrete nabla operators satisfy a discrete Schwarz theorem on the symmetry of discrete second
derivatives. From there, both discrete vector calculus identities follow automatically. We apply our new
family of schemes to three hyperbolic systems with involutions: the system of linear acoustics, in which
the velocity field must remain curl-free and the vacuum Maxwell equations, in which the divergence of
the magnetic field and of the electric field must remain zero. In our approach, only the magnetic field
will remain exactly divergence free. As a third model we study the Maxwell-GLM system of Munz et
al., which contains a unique mixture of curl-curl and div-grad operators and in which the magnetic field
may be either curl-free or divergence-free, depending on the choice of the initial data. In all cases we
prove that the proposed schemes are exactly total energy conservative and thus nonlinearly stable in the
L? norm.

*Correspondence to michael.dumbser @unitn.it
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A MOMENT-OF-FLUID METHOD USING PIECEWISE-QUADRATIC
INTERFACE RECONSTRUCTIONS

P. Trivedi?®*, F. Evrard?

 Department of Aerospace Engineering, University of Illinois Urbana-Champaign, Urbana, IL 61801, United States.

ABSTRACT

The volume-of-fluid (VOF) and moment-of-fluid (MOF) methods are widely used to track the evolution
of interfaces in numerical simulations of multi-material flows due to their inherent ability to conserve
volume with machine precision. State-of-the-art VOF and MOF algorithms rely on piecewise-linear in-
terface calculations (PLIC) to construct local geometric approximations of the material interface. How-
ever, the linear nature of these reconstructions limits volume-fraction transport to second-order accuracy,
while interface curvature estimation is at best zeroth-order accurate. Recent advancements in interface
reconstruction algorithms for MOF schemes have significantly improved the ability to capture complex
subgrid-scale interfacial structures by leveraging local geometric moments of the fluid. Interfaces can be
represented by combinations of multiple planes and/or curved surfaces, motivating the use of higher-order
phasic moments beyond the traditional zeroth- and first-order quantities. Piecewise-parabolic interface
calculations (PPIC) provide a natural high-order extension to local interface representation. In this work,
we propose a PPIC-based MOF framework transporting the phasic moments of inertia and reconstructing
parabolic interfaces through a nonlinear moment-matching minimization procedure. A challenge in this
approach is the need for sufficiently accurate initial guesses, so as to ensure scalability and robust conver-
gence. To overcome this limitation, we further propose volume-fraction-based reconstruction algorithms
that produce reconstruction guesses with satisfactory accuracy and robustness at relatively low computa-
tional cost.

INTRODUCTION

The volume-of-fluid (VOF) and moment-of-fluid (MOF) methods provide a volume-conservative frame-
work for capturing the evolution of interfaces between immiscible materials in numerical simulations. In un-
split geometric VOF and MOF schemes, the preimage of a computational cell is constructed by tracing its
faces backward in time along the velocity field. The transported fluid moments are subsequently evaluated by
intersecting this preimage with the reconstructed interface and the underlying computational mesh. In conven-
tional implementations, the preimage is typically approximated by a polyhedral volume, and the interface is
represented using a piecewise-linear interface calculation (PLIC). Current MOF frameworks have been limited
to the transport of zeroth- and first-order fluid moments, namely the phasic volume fractions and barycenters.
In the present work, we extend the MOF methodology to include second-order moments of fluid and employ
piecewise-parabolic interface calculations (PPIC) for interface reconstruction.
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TRANSPORT OF HIGH-ORDER MOMENTS OF FLUID IN INCOMPRESSIBLE FLOW [1]

The evolution of the second moment tensor of the phase indicator x over a material region A(t), e.g., the
preimage, follows the Reynolds transport theorem

d

dt
Using a Taylor series expansion of the fluid velocity u(x, t) inside A(t) about u(x;, t), where x; = M /Mo
is the liquid centroid and M,, , denotes the nth-order moment of phase «, the rate of change of the second
moments of liquid can be approximated as

dMy
dt

XXXT dx = / X <qu + uxT) dx. (1)
A(t) A(t)

= MO[ ()’qu? + upZZT — ip’clTVulT —Vuy 5([)??) + MuVulT + VulM;’Z . 2)

PIECEWISE-PARABOLIC INTERFACE RECONSTRUCTION

The piecewise-parabolic reconstruction of the interface is obtained by solving a constrained optimization
problem in which the interface parameters P are chosen to minimize the mismatch in the phasic moments
inside a supercell S, while constraining the zeroth-moment in the target cell C C S,

) —8/3 -10/3  ~ s, —~ S

min J(P)= Y (M) M - MTP 4+ (MTL) T IM, — Moo
acf{l,g} 3)

subject to: /\/lg,*g = Mgﬁz .

Here, ME,*Q denotes the reference moments, ME]; refers to the moments computed from the reconstructed in-
terface and CJ corresponds to moments that have been recentered about their barycenter. In the present work, an
initial guess can be obtained using one of the following relatively low-cost volume-fraction-based approaches:
(1) by fitting a paraboloid to minimize volume mismatch within a local neighborhood of PLIC reconstruc-
tions [3]; (2) by blending neighboring interface representations to extract a level-set isosurface whose deriva-
tives are sampled to reconstruct a paraboloid; or (3) by estimating the local directional curvatures from the
PLIC neighborhood and using them to reconstruct the principal directions and curvatures of a paraboloid [2].

The performance of the proposed method is
demonstrated with the transport of a spherical inter-
face subjected the steady velocity field u = w x x.
The PLIC-MOF! reconstruction is obtained by match-
ing the zeroth- and first-order phasic moments, while
the PPIC-MOF? reconstruction additionally accounts
for second-order phasic moments. Figure 1 shows that
the PPIC-MOF? method preserves the spherical geom-
etry far more effectively, so that the final interface re-
mains much closer to the initial configuration than in

the PLIC-MOF! case. FIGURE 1: Initial (orange) and final (gray) interface
reconstructions for the rigid-body rotation of a sphere.

(a) PLIC-MOF* (b) PPIC-MOF?
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A UNIFIED DIFFUSE-INTERFACE MODEL FOR COMPRESSIBLE MUL-
TIPHASE FLOWS WITH ELASTO-VISCOPLASTIC SOLIDS AND IRRE-
VERSIBLE COMPACTION

N. Favrie?*, K. Schmidmayerb

4 Aix Marseille Univ, CNRS, TUSTI, Marseille, France.
Y Inria center at the University of Bordeaux, project-team CAGIRE, Université de Pau et des Pays de 1’ Adour, E2S
UPPA, Laboratory of Mathematics and its Applications of Pau (LMAP), France.

The interaction between compressible fluids, dense solids and porous materials under dynamic loading is
involved in many applications such as impacts, shock to detonation transition or cavitation near propeller.
These problems are characterized by strong shock waves, large deformations and complex multiphase
interactions. While diffuse-interface methods have proven to be efficient for compressible multi-material
flows, existing approaches remain limited when dealing simultaneously with shear effects, plasticity and
irreversible compaction in porous media.

In this work, we propose a unified diffuse-interface multiphase model capable of describing fluids, dense
solids and porous materials within a single Eulerian framework [1]. The formulation relies on a ther-
modynamically consistent construction based on the generalised-standard-material framework. The total
energy is written in a separable form combining hydrodynamic, elastic and compaction contributions.
A key ingredient of the model is the introduction of a configuration variable governing the compaction
state of the porous matrix, allowing the description of both reversible and irreversible compaction mech-
anisms. Finite-rate relaxation processes are introduced to model pressure disequilibrium, plastic flow and
compaction, ensuring compatibility with the first and second laws of thermodynamics.

The resulting system is hyperbolic in the reversible limit and is solved using a Godunov-type finite-volume
method based on a reduced HLLC Riemann solver and operator splitting for the relaxation terms. The
model naturally recovers classical limits such as pure fluids or purely elastic solids.

The approach is assessed on a series of one- and two-dimensional configurations including impacts and
spallation in porous metals, with or without fluid-filled pores. The simulations demonstrate the ability
of the model to capture key physical mechanisms such as shock propagation, wave attenuation, pore
collapse, plastic deformation and fragmentation.

Figure 1 illustrates a two-dimensional impact configuration in a porous metal. The color map represents
the solid volume fraction and highlights the irreversible compaction of the material. One can observe the
propagation of the shock wave, followed by a progressive collapse of the pores in the compressed region.
The attenuation of the wave is clearly visible as it propagates through the porous medium, while strong
gradients reveal localisation of deformation and the onset of damage. This example demonstrates the abil-
ity of the model to consistently capture the coupled effects of compressibility, plasticity and compaction
within a unified framework.

*Correspondence to nicolas.favrie@univ-amu.fr
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FIGURE 1: Two-dimensional impact of an aluminum cylinder (diameter 2 mm, velocity 700ms~') on a
porous titanium plate (20% initial porosity). The titanium target has dimensions 8§ mm x 16 mm and is embed-
ded in a 24 mm x 24 mm computational domain with non-reflecting boundary conditions. Initial pressure is
103 Pa and densities are p,i; = 1.2kgm ™3, pyy = 2700kgm ™~ and pg; = 4527kgm 3. Both materials follow a
GTN plasticity model. The simulation is performed on a 400 x 400 Cartesian grid using a second-order finite-
volume scheme with van Leer limiter [2]. Top: numerical Schlieren visualisation highlighting wave structures.
Bottom: mixture density showing compaction. Snapshots are shown at t = 0.2, 0.8, 2, 3 and 4 ps. After im-
pact, strong shock and compaction waves propagate in both materials. While compaction in aluminum remains
limited, the porous titanium undergoes rapid pore collapse, leading to a nearly fully compacted state. Wave
attenuation is observed in the aluminum due to multiple reflections, whereas the compaction front in titanium
remains well defined and propagates through the plate. At later times, the shock reaches the rear surface,
generating transmitted and reflected waves and complex interactions inside the target. The aluminum cylin-
der experiences severe plastic deformation and flattening, accompanied by lateral jetting and a leading shock
in the surrounding air. This test case illustrates the ability of the model to capture large deformations, shock
interactions and irreversible compaction of porous materials within a unified framework.
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ON THE TREATMENT OF TOPOLOGY CHANGES ON MOVING
3D POLYHEDRAL MESHES VIA 4D SPACE-TIME HOLE-LIKE ELEMENTS
IN DIRECT ALE ADER-DG METHODS

E. Gaburro®*, M. Klima?, M. Bonafini?

2 Department of Computer Science, University of Verona, Italy

ABSTRACT

This talk introduces a high-order ADER Discontinuous Galerkin (ADER-DG) method for hyperbolic sys-
tems on 3D moving polyhedral meshes. Operating within a direct Arbitrary-Lagrangian-Eulerian (ALE)
framework, the scheme, which is based on PDE integration over 4D space-time control volumes, effec-
tively handles also topology changes. This capability is obtained thanks to the introduction of degenerate
4D objects, termed hole-like elements, which allow for a complete covering of the space-time domain,
thus ensuring the conservation properties and the high-order accuracy of the scheme. In this talk, we pro-
vide a detailed description of the occurrence, construction, and management of these hole-like elements
in a 4D (3D+time) setting. Furthermore, we demonstrate through a von Neumann stability analysis, per-
formed in 1D+time, by introducing a fictitious sliver-like element, that these degenerate objects do not
restrict the global timestep size. We conclude the talk by presenting a set of 3D numerical benchmarks
that prove the effectiveness of our 4D hole-like strategy. The results confirm that the method is fully con-
servative, satisfies the Geometric Conservation Law (GCL), and maintains the expected order of accuracy
even under frequent topology changes.

CONTEXT AND MOTIVATION

In the simulation of complex vortical and high shear flows, traditional Lagrangian methods often suffer from
severe mesh distortion, which limits their applicability to short-term evolutions. To preserve high mesh quality,
a robust framework must allow for dynamic connectivity changes during the mesh evolution.

In this talk, we present a 3D extension of the direct Arbitrary-Lagrangian-Eulerian (ALE) strategy proposed
in the works of Gaburro et al. [4, 3], where the governing hyperbolic equations are evolved in a single high-
order step directly from one mesh to the subsequent one, without the need for any projection-reconstruction
or remapping strategy. By adopting a space-time formulation, we perform the numerical integration over 4D
control volumes that connect even two potentially different tessellations. This approach ensures a naturally
conservative treatment of the PDEs and the exact satisfaction of the Geometric Conservation Law (GCL) by
construction.

*Correspondence to elena.gaburro@univr.it
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4D HOLE-LIKE ELEMENTS: A NOVEL APPROACH TO HANDLING TOPOLOGY CHANGES

The transition between different mesh topologies, which manifests on a polyhedral mesh when 2-3, 3-2, or
4-4 flips occur on the underlying dual tetrahedralization, is managed by introducing hole-like elements.

These are unique 4D geometries that, despite having zero 3D volume at both the beginning and the end of
the timestep, provide the necessary space-time shape to fill the gaps that would otherwise occur in the space-
time during a flip. We provide here a rigorous geometric description of these elements, showing that they are
well-defined and can be easily incorporated into the high-order solver. This approach results in a manageable
implementation that avoids expensive mechanisms, such as the mesh-intersection operations typically required
in indirect ALE schemes.

STABILITY ANALYSIS OF DEGENERATE GEOMETRIES

Another point that will be treated during this talk is the numerical stability of the proposed approach. We
address the potential concern that degenerate elements might dictate a smaller timestep through a von Neumann
stability analysis. By testing a 1D configuration containing a fictitious sliver element which mimics the hole-
like behavior, we have demonstrated that our ALE ADER-DG scheme maintains the same CFL stability limit
regardless of the presence of these elements [2]. This ensures that the global timestep size is governed by the
standard mesh resolution rather than the topological transitions.

NUMERICAL VALIDATION

The framework is validated through a set of 3D tests. We first perform a series of sanity checks on elemen-
tary mesh flips, designed to generate a single hole-like element. These tests confirm that the scheme is fully
conservative and satisfies the Geometric Conservation Law (GCL) to machine precision. Moreover, we show
that stationary initial conditions represented by polynomials of degree N are exactly preserved. We then con-
centrate on rotational benchmarks to demonstrate the robustness, conservativity, and high order of accuracy of
the method under frequent mesh deformations, also providing statistics on the generation of hole-like elements
and on the evolution of the timestep size over time.

ACKNOWLEDGMENT

The authors gratefully acknowledge the support received from the European Union with the ERC Starting
Grant ALcHyMiA (grant agreement No. 101114995). Views and opinions expressed are however those of the
author only and do not necessarily reflect those of the European Union or the European Research Council
Executive Agency. Neither the European Union nor the granting authority can be held responsible for them.

REFERENCES

[1] M. Klima, M. Bonafini, M. Tavelli, E. Gaburro. On the treatment of topology changes on 3D polyhedral
moving meshes via 4D space-time hole-like elements in direct ALE ADER-DG methods.
In preparation, 2026.

[2] M. Bonafini, D. Torlo, E. Gaburro. Stability analysis of Arbitrary-Lagrangian-Eulerian ADER-DG meth-
ods on classical and degenerate spacetime geometries.
Submitted, 2026.

[3] E. Gaburro. High order well-balanced Arbitrary-Lagrangian-Eulerian ADER discontinuous Galerkin
schemes on general polygonal moving meshes.
Computers and Fluids, 2025.

[4] E. Gaburro, W. Boscheri, S. Chiocchetti, C. Klingenberg, V. Springel, M. Dumbser. High order direct
Arbitrary-Lagrangian-Eulerian schemes on moving Voronoi meshes with topology changes.
Journal of Computational Physics, 2020.

56



fin ‘11—I : .
“BIARRI I Z ‘g'
12th MULTIMAT conference, 7-11 September 2024

A VARIATIONALLY CONSISTENT FIRST-ORDER CONSERVATION LAW
FORMULATION IN ARBITRARY LAGRANGIAN EULERIAN FRAMEWORK
FOR LARGE STRAIN SOLID DYNAMICS
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This work will introduce a novel computational framework for nonlinear solid dynamics based on a first-
order hyperbolic Arbitrary Lagrangian Eulerian (ALE) conservation law formulation. In addition to the
usual material and spatial configurations, a fixed referential configuration will be introduced to separate
material motion from mesh kinematics. Within isothermal hyperelasticity, the governing system will be
formulated on this reference configuration and will consist of the conservation of mass and linear mo-
mentum, together with evolution equations for the material and spatial deformation gradients. In the ALE
setting, mesh motion will be treated as an independent kinematic field, which will naturally lead to an
extended variational (Lagrangian) structure in which a conjugate configurational momentum arises. At
the continuum level, the standard Lagrangian formulation and the extended ALE variational formulation
will provide exactly equivalent representations of the same underlying variational structure. However, the
introduction of independent mesh motion will lead, at the semi-discrete level, to incompatible numerical
representations of the physical and configurational momentum balances, resulting in a loss of variational
consistency, which must therefore be monitored and controlled. To assess this effect, a constrained Hamil-
tonian energy density will be introduced, combining kinetic energy, elastic strain energy, and a constraint
enforcing consistency between linear and configurational momenta. This formulation will require solving
an additional conservation law for the configurational momentum, providing a consistent set of conserva-
tion variables. The resulting Hamiltonian structure will then be used to quantify and control variational
inconsistencies introduced by numerical discretisation. Mesh motions will be explored either to enforce
strict variational consistency or, alternatively, to introduce controlled numerical dissipation through rela-
tive motion between mesh and material, in a manner consistent with the second law of thermodynamics.
Extensions to include thermal effects will also be presented, requiring the introduction of a constrained
Ballistic energy. Exploiting the hyperbolic structure of the governing equations, together with appropriate
wave speed estimates, will ensure stability under explicit time integration. For spatial discretisation, both
vertex-centered finite volume and Smoothed Particle Hydrodynamics (SPH) schemes will be implemented
and assessed. A variety of benchmark problems will demonstrate the robustness and applicability of the
framework for solids experiencing large deformation.
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FIRST-ORDER CONSERVATION LAW FRAMEWORK

Building on References [1, 2], the motion of a deformable solid undergoing non-thermal processes will be
described by a system of first-order conservation laws formulated within an ALE framework as follows

0
X

J .

> Fo—DIV, (d®1) =0; (1b)
X

d

> Fy—DIV, (W®I)=0; (lc)
X

8 T

T Jy —DIV, (HGW) =0; (1d)
X

d

o gy — DIV [(Q+qx @W)Hy] = gy. (le)
X

Here, the kinematics are defined by ¥ = v+ FW with F = FgF .},]. The quantities p, = p,v and py = prv
denote the linear momentum per unit reference and material volume, respectively, with p, = Jgpg. The ten-
sor P is the first Piola-Kirchhoff stress, and f is the body force per unit reference volume. The operator
DIV, denotes divergence with respect to the reference configuration. The system (1a)-(1d) comprises the bal-
ance of linear momentum, geometric conservation laws, and mass conservation (assuming uniform material
density). In addition, a configurational momentum balance [3] will be introduced through the Elsheby stress,
0=- (F TP+,$XI), where Zx denotes the material Lagrangian. The variable g, represents the configu-
rational (material) momentum per unit reference volume and g, is its source term. This equation represents
the balance of configurational momentum in ALE form, driven by the divergence of the Eshelby stress. It
is the configurational counterpart of the ALE linear momentum balance (1a) and is formulated on the same
reference configuration, ensuring consistency between the linear and configurational momentum balances. Al-
though equation (1e) is decoupled and redundant, it will be retained to assess the variational consistency of the
ALE formulation. When the material mesh motion W is treated as an independent variable, the constrained
Hamiltonian of the system will be defined as

Ay (%,1) = Hy(py. Fo, Fao, Jw, W, q) = ;h,lpxpx Py + MY (Fo,Fe)+W-(q,+F'p,). (2
The first term represents the kinetic energy per unit reference volume, the second term is the strain energy den-
sity, and the third enforces a constraint linking physical and configurational momenta. Although this constraint
is exactly satisfied at the continuum level, it is generally violated in semi-discrete formulations, resulting in a
non-zero residual. It will therefore serve as a consistency measure to monitor and potentially enforce variational
consistency of the numerical scheme. An extension to include thermal effects is also possible by introducing a
constrained Ballistic energy [5]. In this presentation, both vertex-centred finite volume and SPH [4] schemes
will be presented. Several numerical examples will be provided to compare the performance of both schemes.
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ABSTRACT

This presentation deals with a non-reflecting boundary condition (NRBC) strategy specifically designed
for compressible flow simulations within an updated Lagrangian hydrodynamic framework. The method
is grounded in the characteristic decomposition of the linearized Euler equations, extending the approach
pioneered by Giles [1]. By analyzing the local eigenstructure of the system, incoming and outgoing
waves are precisely identified at the domain boundaries. This identification enables the selective sup-
pression of incoming waves, effectively preventing unwanted reflections. A key advantage of this NRBC
approach is its full compatibility with all standard updated Lagrangian schemes, whether staggered or cell-
centered. The practical implementation of the NRBC is discussed. Numerical experiments conducted on
one-dimensional and two-dimensional problems demonstrate the method’s effectiveness in absorbing out-
going disturbances, confirming its non-reflecting properties [2].
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FIGURE 1: 2D diverging shock wave: Neumann boundary conditions (left) and NRBC (right).
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RIVED FROM THE STATIONARY ACTION PRINCIPLE

W. Haegeman abs G Orlando®, S. Kokh®, M. Massot®

4 DMPE, ONERA, Universite Paris Saclay, F-91123 Palaiseau, France
b CMAP, CNRS, Ecole polytechnique, Institut Polytechnique de Paris, Route de Saclay, 91120 Palaiseau, France
¢ Université Paris-Saclay, UVSQ, Inria, CNRS, CEA, Maison de la Simulation, 91191 Gif-sur-Yvette, France

ABSTRACT

We propose a novel two-fluid model allowing for full non-equilibrium and derived from a two-trajectory
Stationary Action Principle [1]. All interfacial quantities have physically sound closures that are directly
provided by the variational principle and a new interfacial quantities is introduced. The model is shown
to be hyperbolic, symmetrizable, and to admit an entropy conservation law; moreover, in one dimension,
its non-conservative products yield uniquely defined jump conditions.

INTRODUCTION

Two-phase flows play a key role in many natural and engineering systems. Multi-fluid models are widely
used owing to their ability to capture different topological regimes. Among these, the class of Baer—Nunziato
models has become quite popular [2]. However, it requires closure relations for the interfacial velocity and
pressure to be provided, which impact both the physical validity of the model, and its mathematical structure.

A common choice for the interfacial quantities is to take the interfacial velocity as one of the phasic velocities
and the interfacial pressure as that of the other phase. Such closures, while simple, are adapted to specific types
of flows and may not be sufficiently general to treat complex flow configurations.

In order to develop all-topology models valid over a wide range of flow configurations, more versatile
choices for the interfacial velocity are necessary. When aiming for uniquely defined jump conditions and a
well-posed Riemann problem, one has to consider the barycentric (mixture) velocity for the interfacial velocity,
and an interfacial pressure which is an average pressure with weights depending explicitly on the phasic tem-
peratures [3]. From a physical standpoint, the interfacial pressure is not expected to depend explicitly on the
phasic temperatures, and several studies rely on closures obtained by physical arguments [4]. These closures
do not guarantee an entropy inequality, and do not allow to properly define shocks. Alternatively, the Godunov-
Peshkov-Romenski framework provides several two-fluid models which satisfy a supplementary conservation
law and are closely related to Baer-Nunziato models in the barotropic case [5]. However, the proposed exten-
sions to non-barotropic flows involve artificial heat exchanges proportional to the relative velocity.

Consequently, for the models that allow the description of complex flow topologies, there remains a gap
between those retaining the necessary mathematical properties to handle shocks, and those that have been used
in practice and derived through physical considerations. In this contribution, we present a novel all-topology
two-fluid model derived by variational principles and which overcomes previously identified limitations [1}

*Correspondence to ward.haegeman @polytechnique.edu

MULTIMAT

61 BIARRITZ



PRESENTATION OF THE MODEL

The model is derived by the Stationary Action Principle with two families of trajectories [1]. The phys-
ical Lagrangian is the difference between the kinetic energies of the phases and their internal energies. The
interfacial velocity is imposed as a constraint in the variational principle, which then provides the remaining
interfacial quantities, including a new one which is the interfacial work. The resulting model reads,

ooy +u;-Voy =0,

O (oupx) +V - (owprur) =0,  k=1,2,

o (owprur) + V- (aupru) —piVoy =0,  k=1,2,

O (upxEx) +V - (0 (PkEx + pr)ur) — (pu);-Voy =0,  k=1,2.
Here oy denotes the volume fraction of the k™ phase, while py, pr, u; and Ey respectively denote its density,
pressure, velocity and total energy. Denoting Y} the mass fraction of the < phase, the interfacial velocity is
set to u; = Y u; + Youy, while the closures p; = Y, p, + Yap; and (pu); =Y, pou; + Yo piu, are provided by the
variational principle. The model admits a supplementary conservation law for the entropy. Its mathematical
analysis in the one-dimensional setting shows that it is hyperbolic and symmmetrizable under a classical non-

resonance condition. Moreover, owing to the linearly degenerate character of the interfacial wave, its non-
conservative products are uniquely defined through discontinuities, and shocks are unambiguously defined.

NUMERICAL RESULTS

Adapting the numerical method for the Baer-Nunziato model proposed in [6], we illustrate the model on
a series of Riemann problems such as the one shown in Figure 1. Moreover, a comparison with classical
Baer-Nunziato models allows to demonstrate the strengths of the newly derived model.
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FIGURE 1: Density (left) and velocity (right) profiles for a Riemann problem with the proposed model. The
right axis and dashed line shows the volume fraction and indicates the interface location.

CONCLUSIONS

A new all-topology two-fluid model is derived using variational principles. It is both physically consis-
tent and possess the required mathematical structure to properly describe shock-type solutions, allowing it to
overcome the limitations of previously derived models.
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INTRODUCTION

Hohlraums are high-Z (Au, depleted U) cylinders that are used to convert laser energy into a uniform X-ray
bath to drive high yield capsule implosions on the National Ignition Facility. As hohlraum and capsule material
ablate into the interior of the hohlraum (a low density He-filled cavity), the material in the cavity achieve high
temperature, low density conditions where the Knudsen number Kn, the ratio of the ion mean free path to
a representative fluid lengthscale, can reach values Kn > 10 [1], while the wall and capsule exhibit Kn < 1.
Recent experiments have demonstrated that it is important to account for the non-hydrodynamic behavior of
the ablated Au bubbles to correctly predict the evolution of material distributions in the hohlraum [2].

Detailed models have been developed [3, 4] for multi-species hydrodynamics that have shown to improve
agreement with experiment when implemented in radiation-hydrodynamics codes [5, 2]. Nevertheless, such
models introduce substantial complexity and expense beyond the hydrodynamics solvers typically used in
radiation-hydrodynamics codes for physics that is important for a fairly small region of hohlraums. Sim-
pler diffusion approximations to this physics [6] offer a potential compromise, modeling plasma viscosity and
plasma transport processes seeded by gradients in species concentrations as well as gradients in electron and
ion pressures and temperatures.

We will discuss the plasma transport algorithm introduced in [6], details of its implementation into the
xRAGE code [7, 8, 9], and applications to recent hohlraum science experiments [2, 10].

PLASMA TRANSPORT MODEL

Our plasma transport model [6] adds a viscous stress I1 to the equations for momentum and energy solved
by xRAGE,

2
I, = Mo <Vu—|—VTu— 5,,,,,§V-u> ,

where 1) is the viscosity and u is the fluid velocity. In addition, we allow each ion species i to have a drift
velocity w; := u; — u, calculated as

Pon@i (i) ¥j£i Pj < VPon
iwi = — Vxi+ (Xi—ci
P p Zj;éi Vij x (% ) Pion

+ (Zi - Ci) W + XiOkelectron Ton i Ton

VP, electron VTelectron VTion >

b
where p; is the mass density, y; is the number fraction, ¢; is the mass fraction, z; is the charge fraction, v;; is the
collision rate between species, and o are coefficients. The equation for w; is solved explicitly due to the high
level of nonlinearity in the equations, but the viscous component can be solved implicitly.
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IMPACT ON HOHLRAUM SIMULATIONS

The plasma transport model changes the evolution of the Au bubble substantially, shown in Figure 1, and
leads to better agreement with experiment for the measured X-ray flux and energy coupling to the capsule [10]
as well as direct measurements of interpenetration performed in [5, 11].
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FIGURE 1: Comparison of hohlraum density profile at t = 3.5 ns for NIF shot N230105 with and without
plasma transport modeling in XRAGE. This demonstrates a substantial difference in Au bubble growth.
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In this work we design algebraic stabilization techniques for compressible gas dynamics. Specifically,
the monolithic convex limiting (MCL) framework [1] designed for hyperbolic problems is extended to the
viscous case of compressible Navier—Stokes equations (NSE). Compared to hyperbolic conservation laws,
for which the MCL technique was first designed, the NSE contain second-order diffusive terms which
can be handled by a splitting approach (e. g., Strang) or in a monolithic manner. Pursuing the latter, we
generalize the previously mentioned limiting techniques to the parabolic regime. To this end, we make use
of semi-implicit time stepping schemes, which were first combined with MCL in [4]. Our target scheme
is based on our previously employed dissipation-based WENO-stabilization [3, 2] of standard Galerkin
methods. Invoking a shock-detector, these schemes use adaptive dissipation for shock-capturing purposes
yielding high-order accurate solutions in smooth regions and resolving discontinuities accurately, too.
However, there is no guarantee, that numerical approximations are physically meaningful. To enforce this
property, we thus perform failsafe MCL-type limiting on top of WENO-based stabilization to guarantee
the validity of nonnegotiable constraints. In the case of the Navier—Stokes equations, these properties are
nonnegativity of density and internal energy. In our numerical examples, we apply the newly developed
discretizations to common test problems to demonstrate their capabilities. We then draw conclusions and
give an outlook to future work.

REFERENCES

[1] D. KuzMIN (2020) Monolithic convex limiting for continuous finite element discretizations of hyperbolic
conservation laws. Comput. Methods Appl. Mech. Eng. 361: 112804, doi:10.1016/j.cma.2019.112804

[2] D. KuzMmIN, H. HAIDUK, J. VEDRAL (2025) A matrix-free convex limiting framework for continu-
ous Galerkin methods with nonlinear stabilization. Preprint, arXiv: https://arxiv.org/abs/2509.04673
[math.NA]

[3] D. KUzZMIN, J. VEDRAL (2023) Dissipation-based WENQO stabilization of high-order finite element meth-
ods for scalar conservation laws. J. Comput. Phys. 487: 112153, doi:10.1016/].jcp.2023.112153

[4] M. QUEZADA DE LUNA, D. I. KETCHESON (2022) Maximum principle preserving space and time flux

limiting for diagonally implicit Runge—Kutta discretizations of scalar convection-diffusion equatwns J.
Sci. Comput. 92: 102, doi:10.1007/s10915-022-01922-8

MULTIMAT

65 BIARRITZ



66



P ﬂm-MUL'rmrr conference, 7-11 September 2026

e e r—

A RENOVATION OF THE ELVIRA CONCEPT FOR HIGH-PERFORMANCE
MULTIPHYSICS

Jake J. Harmon?*, Jan Velechovsky?, Eugene Kikinzon b CJ Solomon?

4 X Computational Physics Division, Los Alamos National Laboratory, PO Box 1663, Los Alamos, NM 87545, USA.
b Computing and Artificial Intelligence Division, Los Alamos National Laboratory, PO Box 1663, Los Alamos, NM
87545, USA.

ABSTRACT

We consider the partitioning of N > 1 materials with vastly different character to fine subcell resolution.
An interface reconstruction variant assembled from volume fractional data in neighboring stencils, per-
haps hierarchically structured or even unstructured, our method enables sharp preservation of interfaces
in otherwise diffusive Eulerian frame discretizations. Based on the ubiquitous Least-squares Volume-
of-fluid Interface Reconstruction Algorithm (LVIRA) and Efficient LVIRA (ELVIRA) concepts [1], our
scheme, termed the Highly Efficient LVIRA (HELVIRA), adopts a non-iterative, finite candidate strat-
egy suitable, in particular, for finite volume methods under adaptive mesh refinement. Our HELVIRA
technology produces comparable interface quality to conventional LVIRA at a fraction of the cost. With
LVIRA constrained to the fixed cost of HELVIRA, HELVIRA yields better interfaces according to the
L?-norm of the reconstruction error. To illustrate the performance of our approach, we consider a series
of benchmark multimaterial hydrodynamic and multiphysics problems.

INTRODUCTION

Multiphysics problems of hydrodynamic character, modeled by sophisticated numerical methods, enable
the predictive study of many physical phenomena, spanning the mesoscale to astrophysical-scale. In the Eule-
rian frame, finite volume context, such numerical methods induce, of course, numerical and model error that,
particularly in locally multimaterial regimes, can lead to excessive material mixing and diffusion. In the years
since the first computational hydrodynamics efforts, many corrective schemes have emerged, among them the
volume-of-fluid method, which, via appropriate interface reconstruction routines, preserves material sharpness
along with physical invariants, viz. mass conservation. Such interface reconstruction implies a heavy geo-
metric component, namely the localization of material characteristics, to supply appropriate fluxes to maintain
expected intercell multimaterial flow.

In this work, we consider a renovation of the Least-squares Volume-of-fluid Interface Reconstruction Algo-
rithm (LVIRA) and Efficient LVIRA (ELVIRA) concepts [1]. Our technology, denoted by the Highly Efficient
LVIRA (HELVIRA), provides a non-iterative, finite candidate scheme that yields higher quality interfaces (as
measured by the L2-norm of the reconstruction error) than a standard least-squares gradient fit, while remaining
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FIGURE 1: Candidate stencils in 2-D. Left: Central stencil. Remaining: Maximally unaligned candidates.
The blue region indicates the inclusion of data generated at a finer discretization level than the target control
volume, otherwise indicated in red. The approach may be applied identically for unstructured grids.

well below the cost of conventional LVIRA computations. HELVIRA, moreover, remains suitable in the context
of unstructured or hierarchical control volumes, such as those obtained by adaptive mesh refinement. Finally,
the method is architecturally amenable to GPU parallelization, delivering a high-performance capability for
large-scale multiphysics workflows.

OUR APPROACH

We suppose at any given time 7 we possess a full specification of volume fractions for M € Z" materials
associated with control volumes K C .7 over a domain .7 C R?, d = {2, 3}. While tracking material centroids
in addition to volume fractions enables performant interface reconstruction schemes [2], we restrict ourselves
to volume fractions alone (and associated state quantities, densities, internal energies, etc.). We further impose
a partition of the M materials in two categories: those immiscible, represented by @*, and those miscible, or o’
For each material of @’ present in a multimaterial, or mixed, control volume K, we form an artificial, aggregated
mixture, which, in the following partitioning, behaves as a single member of the “sharp” materials ®*. Finally,
for control volumes containing mixtures of > 2 materials, we assume there exists an oracle provided ordering.

Unlike in the standard ELVIRA case, which considers a sequence of forward, backward, and central finite
difference stencils, with HELVIRA we partition a local neighborhood of volume fractional data for each ®* ma-
terial according to Figure 1. In two dimensions, this procedure yields 5 candidates, as opposed to ELVIRA’s 6,
and is entirely agnostic to the arrangement of the set of control volumes in the neighborhood of K. Each candi-
date yields an estimated interface normal according to a least-squares gradient estimate. All components of this
scheme, but particularly the fixed enumeration of candidates, incentivizes GPU parallelization. To document its
performance, we will consider a series of hydrodynamic and multiphysics benchmark problems, including the
result of Figure 2, which illustrates the potency of HELVIRA. With LVIRA constrained to HELVIRA’s cost,
HELVIRA yields quantitatively better interfaces. Our method is implemented in Tangram [3].
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FIGURE 2: Material partition for linear advection of a three-material concentric configuration after one period.
Left: Employing only the central stencil of Figure 1. Center: Employing all the candidate stencils of Figure 1.
Right: Optimization via the LVIRA algorithm [1].

68



ce, 7-11 September 2026

e e r—
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ABSTRACT

This talk first introduces a variational framework dedicated to thermally-coupled constitutive updates
[1], within which various dissipative reponses like hyperelastic-plastic or visco-hyperelastic ones can be
recast. The variational constitutive update is driven by the updated internal energy density, which allows
a natural coupling with the conservation of total energy. Next, this framework is extended to describe the
local relaxation process at finite rate of the mechanical states of various co-existing phases in a context
of Eulerian compressible multiphase flows. The presentation focuses on a multiphase fluid medium,
describing the relaxation over time of an interfacial pressure.

INTRODUCTION

The numerical simulation of impacts on dissipative multi-phase or multi-material media is of great impor-
tance for various engineering applications, including potentially solid and/or fluid phases. As examples, we
can cite cavitation near blades, lithotripsy, dynamic forming processes, ballistic impacts, or compaction of
heterogeneous porous media [2, 3].

A first crucial point is to ensure the thermodynamic consistency of strong thermo-mechanical couplings
in the constitutive modeling, both on hydrodynamic and shear effects. The latter can yield e.g. temperature
increase due to plastic strains, and thermal softening. Thermal effects in solids are more easily described using
the temperature as main thermal unknown [4], essentially because it is a measurable quantity, leading to using
Helmbholtz’s free energy density in constitutive models. The construction of thermo-mechanical constitutive
updates, compatible with the conservation of total energy, and efficient for levels of pressure ranging from
moderate to high is thus of particular relevance.

Second, the modeling of compressible multiphase flows, including potentially solid and/or fluid phases,
often involve high levels of deformation making Eulerian descriptions of the motion suitable. However, such
formulation requires the ability to track interfaces over time and to handle mixtures within a fixed computa-
tional mesh. Among the various existing approaches, the diffuse interface method [5] allows interfaces and
mixtures to be considered with the same model and numerical scheme throughout the computational domain,
with interfaces being considered as mixing zones. But, at a microscopic scale, the geometry of the interfaces
between phases plays an important role in wave interaction, particularly with waves whose wavelength is ofthe
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order of the characteristic size of specific shapes such as bubbles and pores. In particular, these local interac-
tions can give rise to dissipative damping and attenuation effects at the macroscopic scale, which are important
to account for in multiphase numerical simulations.

This talk aims at presenting a variational framework dedicated for thermomechanical constitutive updates
[1], which allows a natural coupling with the conservation of total energy. In the continuous setting, the thermal
part of the constitutive update is driven by the rate of the internal energy density, while it is driven by its
increment in the discrete setting. Various dissipative constitutive flows can be recast within this framework,
which this presentation will first show a succinct tour. As examples, on can cite hyperelastic-plasticity coupled
with isotropic [1] or non-linear kinematic hardenings [6], or viscohyperelasticity of Zener-type [7] dedicated
to polymeric materials and/or applications in non-linear acoustics. The flow direction is parameterized with
the concept of pseudo-stresses [8]. The constitutive updates can be coupled either with Lagrangian or Eulerian
conservation laws, which are solved with any favourite shock-capturing numerical scheme.

Next, in the context of the modeling of Eulerian compressible multiphase flows with the diffuse interface
method, this variational framework is adapted to describe the local relaxation process at finite rate of the me-
chanical states of the various co-existing phases. This constitutive relaxation at finite rate is dissipative, and
accounts for exchanges of internal energy density between the phases, while it also enforces a unit sum of
volume fractions through a Lagrange multiplier, a posteriori interpreted as an interfacial pressure. The presen-
tation focuses on a multiphase fluid medium, describing the relaxation over time of an interfacial pressure. This
lays some groundwork for future extensions to multiphase solid media or fluid-solid couplings.

REFERENCES

[1] Heuzé, T. and Stainier, L. A variational formulation of thermomechanical constitutive update for hy-
perbolic conservation laws. Computer Methods in Applied Mechanics and Engineering. 394, 114893,
(2022).

[2] N. Favrie, K. Schmidmayer, J. Massoni. A multiphase irreversible-compaction model for granular- porous
materials. Continuum Mechanics and Thermodynamics, 34(1), 217-241, 2022.

[3] N. Favrie, K. Schmidmayer. A multiphase compressible flow model including elasto-viscoplastic solids
with irreversible compaction . Computer Methods in Applied Mechanics and Engineering, 455, 118880,
2026.

[4] Simo, J.C. and Miehe, C. Associative coupled thermoplasticity at finite strains: Formulation, numerical
analysis and implementation, Computer Methods in Applied Mechanics and Engineering, 98(1), 41-104,
(1992).

[5] K. Schmidmayer, J. Cazé, F. Petitpas, E. Daniel, N. Favrie. Modelling interactions between waves and
diffused interfaces. International Journal for Numerical Methods in Fluids, 95(2), 215- 241, 2023.

[6] Heuzé, T. and Favrie, N. Consistent Eulerian and Lagrangian variational formulations of non-linear
kinematic hardening for solid media undergoing large strains and shocks. Computer Methods in Applied
Mechanics and Engineering, 433, 117480, (2025).

[7] Heuzé, T. and Favrie, N. and Lombard, B. A variational constitutive update of generalized Zener model
for non-linear Lagrangian and Eulerian viscoelastic waves. In review, (2026).

[8] Mosler, J. and Bruhns, O. On the implementation of rate-independent standard dissipative solids at finite
strain—Variational constitutive updates, Computer Methods in Applied Mechanics and Engineering. 199
(9-12), 417429, (2010).

70



P ﬂm-MUL'rmrr conference, 7-11 September 2026

-

NOVELTIES ON ARBITRARY HIGH-ORDER MULTIDIMENSIONAL
COMPOSITE FINITE VOLUME SCHEMES

P. Hoch*
CEA, DAM, DIF, F-91297 Arpajon, France.

ABSTRACT

We deal with extension of the finite volume classical ARS (Approximate Riemann Solver) of conservation
laws in dimension d = 2, 3:

QU +divgZ (%) =0, xecR%

We consider composite finite volume schemes in the sense that the numerical fluxes are well defined
(consistent and locally conservative) at all co-dimension mesh object (nodes and edges here).

First part is devoted to geometrical properties of normals at such locations. For each of these mesh
items, we propose an extension in the construction of local normals [1] [2] in such a way to fullfill
(some necessary) LSV conditions: Local conservation, Stokes formula and cell Volume formula. The
new normal corner vector f,‘; are based on standard C; (e.g. [1]) and some other complementaries vectors
D'.. They posses properties that do not break LSV conditions and also show some rotational properties
(orthogonality with C;» in each cell and around nodes). Up to our knowledge, this is a new result for finite
volume methods on unstructured meshes making a link with discrete Helmholtz-Hodge decomposition.
Moreover, they still permits to obtain arbitrary order quadrature (composite) formula.

The second part is devoted to extending classical edge schemes (Roe, VFFC, Rusanov, HLL ..) at node
in such a way that consistency and local conservation is obtained. The resulting composite node/edge
scheme offer an other way of obtaining a multi-dimensional aware scheme (see also [3]). For Euler
equations of compressible gas dynamics, we use arbitrary order composite formula flux and a valid high
order spatial reconstruction obtained with an induced limitation process [4]. We will show numerical
results to asses the accuracy and robustness of some composite schemes.
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ABSTRACT

Some hyperbolic systems implicitly involve a curl or a divergence constraint. For example, the wave
system ensures the preservation of the vorticity, or the Maxwell system ensures the preservation of the
divergence of the magnetic field. These constraints are generally difficult to preserve at the discrete
level. To achieve this in practice, it is common to use staggered schemes, such as the MAC scheme to
satisfy a constraint of the form div(u) = 0, or more generally, numerical schemes based on Nédélec or
Raviart-Thomas finite elements. In this work, we propose finite-volume schemes (for first-order) and
discontinuous Galerkin schemes (for high-order), i.e. colocated schemes, which preserve a curl constraint
at the discrete level. The sense in which this curl is preserved will be defined. We will first discuss the case
of a linear wave system, and then the case of compressible flows at low Mach numbers (Euler equations).

WAVE SYSTEM

The linear wave system is
orp+ c3div(u) =0,
{ du+Vp=0,

where p is the pressure and u the velocity. ¢y is the wave speed. Taking the curl of the velocity equation, we for-
mally obtain d; (curl(u)) which means that the vorticity curl(u) is preserved. Using a Hodge-Helmholtz decom-
position (which allows to write any vector field u as the sum of a curl-free component u? and a divergence-free
component u¥), the preservation of the vorticity curl(u) corresponds to the preservation of the divergence-free
component u¥. Then, the long time limit of the wave system (under some boundary condition hypotheses) can
be identified. At the discrete level, for a given approximation space, does such a decomposition exist?

For piecewise constant vectors, such a decomposition exists on triangular meshes [1, 2]. It explains why
the finite volume Godunov scheme preserves vorticity and is long time consistent on triangular meshes. How-
ever, this is not the case on quadrangular meshes. Building on our understanding of the triangular case, a
discrete Hodge-Helmholtz decomposition is proposed on quadrangular meshes leading to a numerical scheme
that preserves vorticity and is long time consistent [3]. The key to obtaining this decomposition on quadrangu-
lar meshes is to enrich the approximation space of the velocity field. Instead of having two degrees of freedom
per cell, there are now three.
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These results can be extended to high-order discontinuous Galerkin schemes. On triangular meshes, using
the classical approximation space (nodal or modal basis for each variable) and a Godunov flux, the numerical
scheme preserves vorticity and is long time consistent [4]. This property does not hold on quadrangular meshes,
for which the approximation space of the vector field must be adapted [5, 6].

EULER SYSTEM AND LOW MACH NUMBER ACCURACY

The low Mach number behaviour of the Euler system is strongly linked to a linear wave system. More
precisely, performing a two time scale asymptotic expansion in powers of the Mach number, the first-order
pressure and the zeroth-order momentum satisfy a wave system, so that the low Mach number limit of the Euler
system corresponds to the long time solution of this wave system [11, 7].

Based on the results obtained for the wave system, we recover that the Roe/HLLC/Godunov finite volume
schemes are low Mach number accurate on triangular meshes [10] and are not on quadrangular meshes [8].

On quadrangular meshes, using the approximation space for vector field proposed for the wave system
together with a numerical flux such as Roe, HLLC, Godunov or Osher (whithout any low Mach number fix), a
low Mach number accurate numerical scheme can be obtained [3]. The resulting numerical scheme is stable,
allows also the propagation of low Mach number acoustic waves (unlike low Mach number fixes such as [8], as
explained in [11]) and is free of checkerboard modes (unlike low Mach number fixes such as [12], as explained
in [13]).
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INTRODUCTION

Recent advances in topology optimization and machine learning have intensified the need for scalable,
robust gradient computation in large-scale, time-dependent multiphysics simulations. In inertial confinement
fusion (ICF), optimizing shock timing, strength, and stability requires sensitivities of shock-driven objectives
with respect to material properties and controllable inputs, often in high-dimensional design spaces. This
work targets gradient-based optimization of shock behavior in ICF-relevant simulations using the production
multiphysics code MARBL at Lawrence Livermore National Laboratory.

Automatic differentiation (AD) provides a robust way to algorithmically compute derivatives and assemble
gradients of complex compositions of functions, enabling rapid, flexible experimentation with sophisticated
mathematical models. Frameworks such as JAX and PyTorch have demonstrated that AD can scale to very
large problems, but extending these capabilities to high-order finite element discretizations and production
shock-hydrodynamics workflows requires additional methodological development, particularly in the presence
of shock-capturing nonlinearities and other non-smooth components.

We develop discrete-adjoint equations for the multi-material Euler equations discretized with high-order
finite elements, and design AD-enabled sensitivity algorithms that exploit the sequential structure of time in-
tegration. The resulting approach computes gradients efficiently with respect to both control and material
parameters, supporting topology optimization, material parameter inference, and optimal control of initial-
value problems [1]. We further investigate robust gradient treatments for non-smooth operations (for example,
min/max and absolute values) via regularization and smoothing strategies.

We discuss practical challenges in making this methodology effective at scale, including heterogeneous
compute environments, parallel execution, and checkpointing schemes for long time integrations, as well as
the use of just-in-time compilation for user-defined inputs while preserving performance and flexibility. We
present preliminary results on shock-driven design optimization, including suppression and enhancement of
Richtmyer-Meshkov instabilities via minimization of a quantity of interest measuring jet length, demonstrating
efficient optimization in design spaces of ~ 1000 variables and significantly improved performance relative to
non-derivative-based strategies.
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INTRODUCTION

The simulation of compressible multi-material flows on moving meshes remains challenging due to the need
to capture interfaces while preserving conservation and consistency under strong deformation. ALE methods
provide a flexible framework, but robustness across regimes remains difficult, particularly for multiple materi-
als. We propose a variational, cell-centered direct ALE formulation within the GEEC framework [2], based on
a discrete least-action principle and yielding a structure-preserving scheme.

VARIATIONAL FORMULATION

The method is derived from a variational principle applied to a multi-material action
4]
/ Zavr,
Q(r)

with

N
Z [ OpPolug|® — apppey + 0o Df (0tppy) + WoDY (pPey) ] (Z%— 1)

Here, D} = 9, + u, - V denotes the material derivative along phase ¢. The Lagrange multipliers ¢, enforce
phase mass conservation, while Y, impose label advection, ensuring isentropic consistency. The multiplier IT
enforces the constraint } ., @y = 1 (no void). Stationarity yields Euler-Lagrange equations enforcing single-
pressure equilibrium, exact advection of mass and labels, and consistent momentum and energy balances. A
semi-discrete ALE formulation preserves this structure, ensuring conservation, geometric compatibility, and
entropy consistency. The resulting scheme maintains a coherent coupling between mass transport, pressure
forces, and material distribution across all regimes.
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IMPROVEMENTS IN THE LAGRANGIAN LIMIT

Two corrections are introduced to restore geometric and thermodynamic consistency in near-Lagrangian and
multi-material regimes [1]. First, antisymmetric definitions of swept face volumes are enforced to satisfy the
discrete geometric conservation law (DGCL). The original formulation [2] does not guarantee this property,
leading to inconsistencies between volume evolution and transported fluxes. The corrected definition restores
exact balance, ensuring preservation of uniform states and robustness under strong deformation.

Second, the off-centering coefficients used in transport and pressure terms are reformulated. While upwind-
ing ensures stability for transport, its direct use in the pressure gradient breaks symmetry near Lagrangian faces
and may violate local momentum conservation. A symmetrized, continuous definition is introduced, enforc-
ing pairwise consistency and a partition-of-unity condition. This yields a smooth transition between centered
(Lagrangian) and upwind (Eulerian) regimes, removing spurious oscillations.

Together, these modifications restore antisymmetry, geometric conservation, and consistent pressure cou-
pling, ensuring stable behavior across regimes and material interfaces.

NUMERICAL RESULTS

The method is assessed on test cases involving shocks, strong compression, and multi-material interface
dynamics. Results demonstrate accurate shock capturing, stable interface evolution, and robustness under large
mesh deformation. In particular, improved behavior is observed near the Lagrangian limit compared to previous
GEEC-ALE formulations. Figure 1 presents the results for multi-material triple point problem by using direct
ALE strategy.

= N W &

FIGURE 1: 2D triple point shock tube, two materials, density, 300x 150 cells.

CONCLUSION

An improved discretization to variational ALE formulation for compressible multi-material flows will be
presented. By combining a discrete least-action principle with consistent geometric and pressure coupling,
the method provides a robust and structure-preserving framework for compressible multi-material flows on
arbitrary moving meshes.
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ABSTRACT

We discretize the M| model of radiative transfer using continuous finite elements and propose a tailor-
made monolithic convex limiting (MCL) procedure for enforcing physical realizability [1, 2]. The M,
system of nonlinear balance laws for the zeroth and first moments of a probability distribution function is
derived from the linear Boltzmann equation and equipped with an entropy-based closure for the second
moment. To ensure hyperbolicity and physical admissibility, evolving moments must stay in an invariant
domain representing a convex set of realizable states. We first construct a low-order method that is prov-
ably invariant domain preserving (IDP). Introducing intermediate states that represent spatially averaged
exact solutions of homogeneous Riemann problems, we prove that these so-called bar states are realizable
in any number of space dimensions. This key auxiliary result enables us to show the IDP property of a
fully discrete scheme with a diagonally implicit treatment of reactive terms. To achieve high resolution,
we add nonlinear correction terms that are constrained using a two-step MCL algorithm. In the first limit-
ing step, local bounds are imposed on each conserved variable to avoid spurious oscillations and maintain
positivity of the scalar-valued zeroth moment (particle density). The second limiting step constrains the
magnitude of the vector-valued first moment to be realizable. The flux-corrected finite element scheme is
provably IDP. A series of numerical experiments demonstrate its ability to effectively prevent nonphysical
states while avoiding the side effects that were observed in [3]. The practical potential of the proposed
method is demonstrated through a numerical study for dose calculation in proton therapy.
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This work introduces a novel Discrete Duality Finite Volume (DDFV) method [1, 2] for the approxima-
tion of the compressible Euler equations in Lagrangian form. The proposed approach relies on a double
integration over primal and dual meshes, leading to a consistent discretization of differential operators.
This construction enables a natural coupling between kinematic and thermodynamic variables while pre-
serving key structural properties of Lagrangian hydrodynamics.

The resulting scheme is formulated within a finite-volume framework and incorporates pseudo-viscosity
terms to ensure stability and entropy consistency in the presence of shocks. A leapfrog-type time dis-
cretization is employed, yielding a method that is conservative with respect to mass, momentum, and total
energy, while also satisfying the discrete geometric conservation law and preserving angular momentum
at the dual level.

The method is assessed on a series of standard benchmark problems. Numerical results demonstrate
the robustness of the approach on both Cartesian and highly distorted meshes, as well as its ability to
accurately capture shock waves and low-Mach features. Comparisons with a reference Lagrangian scheme
(EUCCLHYD [3]) highlight the competitiveness of the DDFV formulation in terms of accuracy and
stability.

This work constitutes a first step toward the extension of DDFV techniques to more complex Lagrangian
systems, such as magnetohydrodynamics and radiative hydrodynamics.
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This paper will present a first-order hyperbolic framework with relaxation (or dissipation) terms for large
strain viscoelastic solids. The framework is based on a Maxwell-type viscoelastic model [1, 2] and will
incorporate conservation of linear momentum, geometric conservation laws, and evolution equations for
internal variables. The viscous relaxation model will first be developed for compressible behaviour. A
polyconvex strain energy function, jointly convex in the deformation measures and internal variables, will
be introduced. This will then lead to a generalised convex entropy function that symmetrises the hyper-
bolic system in terms of dual entropy variables. It will be shown that the system is hyperbolic (i.e., admits
real wave speeds) under all deformation states, and that the relaxation terms correctly predict viscoelastic
dissipation. The framework will then be extended to incompressible viscoelasticity. This will require
the introduction of a new polyconvex energy formulation together with a formulation enforcing the in-
compressibility constraint. Using backward Euler time integration, the resulting update of the internal
variables will naturally enforce the incompressibility constraint at the discrete level. For spatial discreti-
sation, a vertex-centred finite volume scheme [3] and a Smoothed Particle Hydrodynamics (SPH) scheme
[4] will be presented. Both schemes will enforce the second law of thermodynamics at the semi-discrete
level by monitoring the time rate of the generalised convex entropy, providing a mechanism to control
numerical dissipation and enhance stability. Finally, the framework will be validated through numerical
examples using both algorithms, demonstrating stability, accuracy, and consistent energy dissipation for
both compressible and incompressible viscoelastic regimes.

SYMMETRISATION IN FIRST-ORDER CONSERVATION LAWS

Hyperbolicity in first-order conservation laws with relaxation for large strain solids [5] will be ensured by
reformulating the system in symmetric hyperbolic form using a convex entropy function. The first-order system
for viscoelastic solids with Maxwell-type relaxation can be written as [1]

owU

4 i IZ1_ gy, AU = St BRU):
at = > €x >
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Here, % denotes the set of conservation variables and .% (%) is the flux vector in the material Cartesian
direction /. The source term .¥ (%) can be decomposed into two contributions. Specifically, .7y accounts
for external sources such as body forces, and Z the relaxation contribution. The relaxation term itself is a
sum of branch contributions Y™ | % (% ), each describing the evolution of internal variables associated with
Maxwell branch a. The following conditions (summarised from Chen, Levermore, and Liu [6]) will ensure
symmetric hyperbolicity [7, 8, 9] of the system (1) and thermodynamically consistent treatment of relaxation
(or dissipation) effects:

(i) Existence of a convex entropy function S, which requires a polyconvex viscoelastic energy density W
consistent with thermodynamic equilibrium.

(i1) Positive definiteness of the Hessian operator %, ensuring the existence of a suitable symmetriser for
the system.

(iii) Symmetry of the flux Jacobian matrices in entropy variables, expressed by @7 .27, with o/ = % and

-1
_ | _9o%s
do—[a%a%} ‘

(iv) Satisfaction of the dissipation inequality — Y. # T%q >0, where ¥ = ‘% denotes the conjugate

entropy variables, guaranteeing non-negative entropy production during relaxation.

Condition (i) will be addressed by introducing a polyconvex viscoelastic model with evolution equations for
internal variables. Building on this, the generalised convex entropy function will then be constructed by com-
bining the polyconvex strain energy density with the kinetic energy, thereby obtaining its conjugate variables
and Hessian components (as required by condition (ii)). This structure will then enable the symmetrisation of
the hyperbolic system to obtain its dual formulation in terms of entropy conjugate variables (as required by
condition (iii)). Finally, we will demonstrate that the source term associated with relaxation effects satisfies
the dissipation inequality, as required by condition (iv). Examples of large strain viscoelastic solids will be
presented and compared in the oral presentation.
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VERIFICATION OF PLASTIC FLOW MODELING IN HYDRODYNAMIC
CODES

E.J. Lieberman?*, J.H. Peterson?, J.M. Ferguson?, D.J. Luscher?
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We present new exact solutions for performing verification tests on plastic flow modeling for solids in
hydrodynamic codes. New exact solutions are derived for the elastic-plastic piston problem incorporating
linear and power-law hardening models, whereas previously the problem had only been derived for the
case of no hardening [1]. The elastic-plastic piston problem involves an impact on a one-dimensional
solid body, producing an elastic precursor wave followed by a slower plastic wave. In the case of linear
hardening, we not only derive an exit solution from the general solid dynamics of the problem but also
identify a unique additional solution that originates from the particular numerical method implementation
of the rate-insensitive plastic flow rule, demonstrating that a different method is needed to produce the
proper exact solution. We perform verification tests on multiple plastic flow methods in a Lagrangian
hydrodynamic method for the linear hardening solution and show that different methods can converge to
different solutions. For the case of power-law hardening only the general exact solution is derived, but
verification tests are performed on both Lagrangian and Eulerian hydrodynamic methods and while both
methods converge to the proper solution, we show differences that exist in both accuracy and convergence.

INTRODUCTION

Verification is an important tool for ensuring that a hydrodynamic simulation code is both performing cor-
rectly in its mathematics of numerical methods and behaving properly in its programming. Such investigation
can be achieved via a variety of ways, but the ideal case remains the comparison of simulation results to a known
exact solution for a particular problem that exercises as many functions of the hydrodynamic code as possible.
There are a large number of problems with exact solutions that feature ideal gases such as Noh, Sod, Sedov,
Osher-Shu, and Taylor-Green vortex, just to name a few. There are notably fewer problems that feature solids
with plasticity, with the list possibly being as short as Hunter, Bleich-Nelson, Verney and the elastic-plastic
piston. All of these problems deal with perfect plasticity, where yield stress is constant for all times and states.
As this work will show, adding hardening, which is the increase in yield stress with deformation, is critical to
being able to adequately testing the plastic flow behavior of the kinds of models used in these sorts of problems.
The problem this work will focus on the elastic-plastic piston problem, which has been derived previously for
hypoelastic-perfectly plastic [1] and for hyperelastic-perfectly plastic [2]. This is a one-dimensional problem
(1D) in which a piston of constant velocity is impacting one end of a solid material, propagating into that ma-
terial an elastic precursor wave and a slower plastic wave. We take the derived solution for hypoelasticity gnd
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expand it to include either linear or power-law hardening. These new solutions are used to perform verification
studies with both a Lagrangian staggered-grid hydrodynamic (SGH) method [3] and an Eulerian split lagrange
remap hydrodynamic (SLRH) method [4].

LINEAR HARDENING

The first exact solution derived in this work is for the case of linear hardening, in which the yield stress is
evolved by

Y (&) = Yo+ k&, (1)

where Y is the initial yield stress, k is the linear hardening coefficient and £, is the equivalent plastic strain.
The key derivation to make is to relate plastic strain, which controls yield and thus the deviatoric stress solution,
to other fields related to conservation equations. The limitations to fields imposed by the problem being 1D
allows for a relationship to be established between plastic strain and density.

_ 26, (i
=361k " (pf> @

where G is the shear modulus, p, is the density at initial yield and py is the final density behind all waves.
Combining this equation with the Hugonoit jump condition equations allows for a solution to be found for all
fields in the presence of plasticity.

However, when compared to Lagrangian SGH simulations there was a large discrepancy in the results com-
pared to the general derived solution. We determined that the discrepancy was caused by the numerical method
used to solve the plastic flow behavior, the Wilkins radial return method, was creating fundamental changes to
the constitutive equations that must be accounted for in order to find the appropriate solution. In particular, it
was that the Wilkins radial return method was being executed in a single step (1-Step RR), which changes the
effective elastic modulus as shown in Figure 2a. Thus we actually derive two exact solutions for linear harden-
ing, a general one and one specifically for 1-Step RR as shown in Figure 2b. The Lagrangian SGH simulation
is then run with both the 1-Step RR and with an iterative radial return method at multiple mesh resolution and
the result converge to the new exact solution and the general solution, respectively.

POWER-LAW HARDENING

The second exact solution derived in this work is for the case of power-law hardening, in which the yield
stress is evolved by

Y (8,) = Yo + kel (3)

where n is the hardening exponent. A consequence of adding this non-linear hardening behavior is that the
problem no longer solely consists of an elastic precursor wave and plastic wave. Now there is a non-linear
post-yield flow behavior existing between the two waves, complicating the solution derivation. As before, it is
still critical to relate plastic strain and density, which for this hardening law takes the form of

%k (&) (12) — &, (11)] +2G[&, (12) — & (11)] = _4?(; in <f’;> @

Finding the solution for the post-yield flow and plastic wave still requires the use of the Hugoniot jump
condition equations. The post-yield flow becomes a semi-analytic solution through the discretization of parti-
cle velocity space, while special criteria are require to determine the state at which post-yield flow is instead
dominated by the plastic wave. The solution to the power-law hardening model is compared to both the La-
grangian SGH and Eulerian SLRH simulation results at multiple mesh resolutions in Figure 2a. The resulting
convergence behavior from the measured L1 and L2 norms are shown in Figure 2b.
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FIGURE 1: The anomalous elastic slope created by the 1-Step RR method is shown in (a). This leads to a new
exact solution unique to that method, which is compared to the general solution for linear hardening in (b).
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FIGURE 2: Results from the Lagrangian and Eulerian simulations at multiple mesh resolutions are compared
to the exact solution for power-law hardening in (a) and the convergence behavior for both methods in (b).
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ABSTRACT

In this work, we have developed a generalized set of multi component Cahn-Hilliard Navier-Stokes equa-
tions applicable to fluids with arbitrary thermodynamic properties that can undergo compressible flow
phenomena, heat transfer, and phase change. The derivation uses general conservation equations for fully
compressible multi-component flows and combines Onsager’s reciprocal method with the second-law of
thermodynamics together with basic thermodynamic relations. Previous formulations can be recovered as
limiting cases. The equations are demonstrated for several compressible flow problems, including bubble
mergers, bubble collapse, and bubble-shock interaction, relevant to material ejecta.

INTRODUCTION

Flows with immiscible materials occur in many areas, including industrial and natural applications such oil-
water separation, ink-jet printing, material ejecta, and so on. In some cases, e.g. in metallurgical applications,
the flows are slow and the interfaces do not become excessively corrugated. However, in many other cases,
such flows are driven by fluid instabilities (e.g. Richtmyer-Meshkov instability for ejecta) and / or occur in the
presence of background turbulence. In this case, the sharp interfaces between immiscible fluids undergo com-
plex morphological changes including mergers, interface breakup and reconnection and phase change, which
significantly reduce our abilities to accurately predict such flows. Another challenge pertaining to simulations
of multi-component fluid systems is that the fluid properties, such as molar mass and viscosity, change abruptly
across the interface making accurate simulations of flows with immiscible materials even more difficult.

Most numerical approaches describing the evolution of sharp interfaces, e.g. front tracking, volume-of-
fluid and level-set methods generally use phenomenological models for the interface physics and struggle to
maintain mass and momentum conservation. Furthermore, the equations are regularized through the numerical
algorithm, which further reduces the accuracy. For example, in the volume-of-fluid method, the piecewise
interface reconstruction has limited accuracy and the calculation of interface curvature from the discontinuous
volume fraction introduces significant error. On the other hand, diffuse interface approaches, e.g. based on
the Cahn-Hilliard (CH) equations, remedy these issues as the conservation laws are naturally satisfied and the
interfacial properties arise from first principles, but they introduce their own specific limitations. For example,
usual CH-based approaches are derived for the incompressible binary case with Boussinesq and isothermal
assumptions. Attempts to generalize the resulting equations to more complex flow or fluid situations are prgne
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to failure, as it is difficult to guess the missing terms. Thus, for certain classes of problems, such as the
interaction of a shock wave with a gas bubble embedded in a liquid, there are no available CH-type formulations,
while sharp interface methods likely also miss important physics and introduce significant numerical errors.

RESULTS

By using basic thermodynamic relations and following Onsager’s reciprocal method, a generalized set of
physically consistent Cahn-Hilliard Navier-Stokes equations describing multi component (N > 2) compress-
ible flows with arbitrary thermodynamics properties was developed for the first time. Without assuming any
"a priori" thermodynamic properties, the derivation starts from the general conservation equations for fully
compressible multi-component flows. By using non-local and repulsive components to the Helmholtz free en-
ergy as proposed in the original Cahn-Hilliard derivation, and combining Onsager’s reciprocal method with the
second-law of thermodynamics together with basic thermodynamic relations, all the transport terms including
the Cahn-Hilliard and surface tension terms are directly derived, which leads to the compressible generalized
Cahn-Hilliard Navier-Stokes (CGCHNS) equations. The coefficients in the interface free energy expression
can, in principle, be derived through expansions of the molecular dynamics (MD) particle pair correlation func-
tion. In addition, the Onsager coefficients can be calculated from MD particle trajectories through either a
mean square displacement or velocity autocorrelation function, which connects CGCHNS with first principles.
For consistency, under certain limiting conditions, e.g. incompressibility and binary mixing, previous results
can be recovered. The CGCHNS equations have been implemented into an in-house solver built on ASC’s
FleCSI [1] platform that uses different back-ends such as MPI, Legion, or HPX for inter-node communication
and KOKKOS for intra-node communication. The spatial differencing is performed with high order central
finite differences and time advancement using an adaptive Runge-Kutta-Fehleberg scheme. We demonstrate
the equations against several test problems, such as bubble mergers, bubble oscillations, and bubble collapse.
Simulations are then performed for the interaction of a shock wave with a gas bubble embedded in a liquid
(figure 1). The shock wave can be fully resolved with large enough meshes or a shock capturing scheme [2] can
be used. In all cases, mass, momentum and energy are conserved, and mass fractions remain bounded while
the interface remains sharp.
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FIGURE 1: The interaction of a Mach 1.5 shock wave with a gas bubble in an ambient liquid at different times.
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VALIDATING CURVATURE-AWARE HIGH-EXPLOSIVE PROGRAMMED
BURN MODELS IN ARC GEOMETRIES

D. Lyon?*, C. Chiquete?

4 Los Alamos National Laboratories - Los Alamos, New Mexico, USA

In this work, we validate variations on the FSD programmed burn model compared to established reac-
tive burn models in arc geometries. Experiments performed at Los Alamos National Laboratories’ M
division of 135° arcs of unconfined and confined high explosives provide a useful case study of high ex-
plosive (HE) propagation about a narrow range of curvatures with both HE-air and HE-metal interfaces.
The shots were equipped with a variety of diagnostics (Photon Doppler Velocimetry probes, shorting
wires, streak camera) making cross validation for high confidence in experimental results possible. The
following study seeks to validate these experiments in the adaptive Eulerian finite volume hydrodynam-
ics code xRAGE. Comparison is performed using Arrhenius-Wescott-Stewart-Davis (AWSD) reactive
burn, Chapman-Jouguet constant velocity programmed burn, and Fast Sweeping Detonation (FSD) pro-
grammed burn. The primary motive for this study is to evaluate the accuracy of the curvature-aware FSD
programmed burn model, which admits higher timesteps than reactive burn models thereby reducing sim-
ulation run time. Additional comparison using the Dynamic Small-Resolved Energy Release (DASHER)
velocity-dependent burn rate model will attempt to capture process variable trailing at the detonation burn
front.

ARC EXPERIMENTS

Arc experiments involve a 135° arc of a high explosive (HE) of constant thickness. They may be unconfined
[1, 2] or confined by thin copper walls[3], and use insensitive high explosive (IHE)[1, 3] or conventional high
explosive (CHE)[2]. The detonation front time-of-arrival (ToA) is measured by Photon Doppler Velocimetry
(PDV) probes or shorting wires along the interior and exterior of the arc at fixed angular offsets. All arcs are
detonated uniformly on one end of the arc via a wave lens and a small CHE booster charge. The end of the arc
opposite the booster has a streak camera to record breakout times as a function of radius from the arc center.
See Figure 2 for an example of a confined IHE arc [3].

BURN MODELS

We use the well-validated Arrhenius-Wescott-Stewart-Davis (AWSD) reactive burn model as a benchmark
for programmed burn models [4]. The Chapman-Jouguet (CJ) constant velocity programmed burn model is
used as a point of poor comparison, where the burn velocity is unaffected by the clear curvature inherent in arc
geometry. The Fast Sweeping Detonation (FSD) method accounts for HE curvature by downscaling velogity
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(a) PDV probe layout (Figure 2 of [3]) probes (Figure 1 of [3])

FIGURE 1: Example confined arc experiment from [3]

furthest from the medial axis tree of the 2D HE body [5]. The lower velocity attempts to account for lateral

energy losses into the HE-adjacent material for detonation fronts moving parallel to the edge of the HE.
DASHER is a new hybrid burn rate model that can restrict programmed burn progress as a function of

detonation velocity in the media, and is a runtime evaluated addendum to programmed burn models [6].

PRELIMINARY RESULTS

The presentation will focus on validation of summary parameters matching between the experimental data,
AWSD simulations, and programmed burn simulations. The two datasets to match are interior/exterior angular
burn front velocities in steady state and the breakout front shapes. Shown below are Paraview captures showing
AWSD and FSD frontshapes for experiments [1, 2] run in Los Alamos National Laboratories’ adaptive Eulerian
hydrodynamics code xRAGE [7].

(a) Arrhenius-Wescott-Stewart-Davis (b) Fast Sweeping Detonation

FIGURE 2: Simulated density p [g/ cm3] in arcs at steady state. Clockwise from top left: IHE 65mm x 90mm
[1], CHE 100mm x 120mm [2], CHE 65mm x 70mm [2], CHE 65mm x 67mm [2] .
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A FULLY CONSERVATIVE SIX-EQUATION MODEL WITH SHARP INTER-
FACE CAPTURING FOR STIFF COMPRESSIBLE MULTIMATERIAL
DYNAMICS
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We develop a numerical method for the simulation of immiscible compressible multi-material flows within
an Eulerian interface-capturing framework. Such flows are characterized by strong discontinuities and
complex interface dynamics, whose accurate numerical treatment remains particularly challenging. In
conservative finite volume formulations, spurious pressure oscillations are known to arise at material
interfaces [1], while non-conservative approaches may lead to incorrect weak solutions.

To address these issues, we derive a novel fully conservative six-equation model based on an extension
of the five-equation model of Allaire et al. [2], under the assumption of pressure equilibrium and closed
by a stiffened-gas equation of state. The key ingredient of the proposed formulation is the introduction
of an additional conservative variable, which enables the construction of a strictly conservative system.
A theoretical analysis demonstrates that a consistent numerical treatment of the governing equations pre-
vents the occurrence of spurious pressure oscillations at material interfaces, a property further confirmed
by numerical experiments [3].

Particular attention is devoted to the design of a high-order and robust interface-capturing strategy com-
patible with the fully conservative formulation. The model is discretized using a second-order accurate
finite volume scheme in both space and time. A multidimensional MUSCL reconstruction is employed
in combination with the MLP-UB limiter [4], ensuring sharp interface resolution while preserving sta-
bility, boundedness, and multidimensional consistency. In this context, the consistency of the numerical
treatment plays a central role, as the coupling between interface sharpening and conservative transport
introduces additional constraints that must be carefully enforced. To ensure robustness, we identify and
enforce a set of key properties, including stability conditions on slope reconstruction, consistency between
the total energy equation and volume fraction transport, and a dedicated pressure reconstruction procedure
ensuring the positivity of thermodynamic variables.

The proposed method is assessed on a series of classical benchmark problems involving compressible
multi-material flows. Numerical results demonstrate second-order accuracy on smooth solutions and the
ability to sharply capture complex interface dynamics in multidimensional configurations, even in the
presence of strong discontinuities and large deformations, while remaining free of spurious pressure os-
cillations.
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FIGURE 1: Multimaterial 2D-Riemann problem computed on an 800 x 800 mesh.
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ABSTRACT

The Lagrangian kinematic representation is particularly well suited not only for tracking shock and com-
pression waves, but also for exactly capturing interfaces between distinct materials and for accurately following
moving computational domains undergoing large deformations. Among the available numerical approaches
[2, 5], the cell-centered Finite Volume discretization of the Lagrangian gas dynamics equations relies on a di-
rect discretization of the conservation laws for volume, momentum, and total energy on a mesh moving with
the fluid velocity.

Within this framework, two key ingredients are required. First, a consistent numerical approximation of the
interfacial fluxes must be defined in order to update the cell-centered states. Second, an approximation of the
nodal velocity must be constructed so as to move the mesh in a manner compatible with the discrete evolution of
the volume equation. In addition, the numerical fluxes are designed to satisfy a semi-discrete entropy inequality,
thus ensuring the physically consistent conversion of kinetic energy into internal energy in accordance with the
second law of thermodynamics. The construction of a robust Lagrangian gas dynamics discretization therefore
relies on genuinely multidimensional approximations of both the fluxes and the nodal velocity; see [3, 5] for
representative examples.

In the present work, we revisit the cell-centered Finite Volume discretization of Lagrangian gas dynam-
ics by exploiting the subface-based Finite Volume formalism introduced in [4] for the Eulerian gas dynamics
equations. This approach leads to a novel positivity-preserving and entropy-stable cell-centered Finite Vol-
ume discretization for multidimensional Lagrangian gas dynamics, based on a partition of each cell face into
subfaces impinging at the nodes [4].

The subface flux approximation is derived from an approximate Riemann solver that incorporates not only
the mean values of the cells adjacent to the subface, but also the velocity of the node from which the subface
emanates. The projection of the nodal velocity onto the unit normal vector to the subface may be interpreted
as a parameter of this Riemann solver. As a consequence, the resulting subface flux is not uniquely defined,
which leads to a loss of conservation in the classical sense. Conservation is recovered by imposing that the sum
of the subface fluxes around each node vanishes, which determines the nodal velocity through a nodal solver.
The resulting scheme may thus be interpreted as a multipoint flux approximation, thereby providing a formal
reinterpretation of the original cell-centered Finite Volume formulation introduced more than twenty years ago
[5]. Furthermore, this multipoint flux approximation provides a theoretical framework for establishing ghe
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positivity and entropy stability of the proposed discretization through a domain-preserving property. This is
obtained in two steps. First, given initial states belonging to the domain of definition of the Lagrangian gas
dynamics equations, the corresponding approximate Riemann solver also belongs to this domain, provided that
the Lagrangian wave speeds of the solver satisfy suitable constraints. Second, the updated cell mean value given
by the discrete Finite Volume scheme can be written as a convex combination of the initial and intermediate
states attached to each node of the cell under consideration, provided that the time step satisfies a CFL-like
condition expressed in terms of the constrained Lagrangian wave speeds. Therefore, the Finite Volume scheme
is domain-preserving under an explicit time-step condition.

Moreover, it is worth noting that this node-based conservation condition can be reformulated as a sum
of numerical fluctuations, thereby revealing a natural connection with the consistency condition used in the
Residual Distribution framework [1].

In a second part, we consider an alternative cell-centered Finite Volume discretization in which the numerical
fluxes are uniquely defined at the nodes [6]. By construction, this formulation is conservative. Exploiting its
fluctuation form, we derive a node-based condition linking the nodal fluxes [4, 1] in such a way as to satisfy
a discrete entropy inequality. We then propose a genuinely multidimensional closure for the nodal fluxes that
enforces this entropy condition. These nodal fluxes consist of a centered contribution, interpretable as a node-
based average of the physical flux, augmented by a discrete divergence/gradient-type operator. The resulting
multidimensional discretization is similar to the formulation obtained by a different route in [7].

Finally, we compare the structure and properties of the above-mentioned discretizations and assess their ro-
bustness and accuracy on several representative multidimensional test cases, such as the von Neumann-Taylor-
Sedov problem; see Figure 1.

Density
7.0e-03 0.5 1 1.5 2 25 3 3.5 4 45 5.1e+00
| | | L

FIGURE 1: Sedov test case: density map at stopping time.
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ABSTRACT

This paper introduces a novel analytical method for computing the moments of the intersection between
an ellipsoid and a cube. This approach is then applied to the exact initialization in the Moment-Of-
Fluid (MOF) method of a ellipsoid in a cartesian mesh. Numerical results demonstrate that the proposed
method is significantly faster (by several orders of magnitude) than numerical integration techniques while
achieving higher accuracy (machine precision).

1 INTRODUCTION

Accurate simulation of the evolution of interfaces separating different media is a crucial challenge in many
applications (multiphase flows, fluid—structure interaction, etc.). The MOF (Moment-Of-Fluid) method, intro-
duced in [2], is an extension of the classical VOF (Volume-Of-Fluid) method. In addition to volume fractions,
MOF uses the centroids of each material, allowing the interface to be reconstructed using only cell informa-
tion, which is anadvantage for parallelization. Moreover, this method provides a simple way to represent n > 2
materials within a single cell and enables the treatment of filaments [3]. However, these improvements come at
the cost of solving a minimization problem involving computationally expensive geometric operations related
to the flood algorithm [4]. This reconstruction problem has been improved through an analytical evaluation of
the objective function in the case of cubic cells [5] and later extended to tetrahedral cells [6].

This reconstruction step is performed at each time step, after the so-called advection step, which consists in
advecting the geometry and then intersecting it with the underlying mesh. This step can be carried out using a
Lagrangian remapping method [1]. Before performing the first reconstruction, an initialization step is required,
consisting in computing the volume fraction and centroid of the intersection between the initial material and
each cell. This computation typically relies on numerical integration methods, which are costly and not precise.

2 |IDEA OF THE METHOD AND NUMERICAL RESULTS

In the specific case of initializing an ellipsoid on a Cartesian mesh, we propose a new formula based on
the analytical integral computation of indicatrix functions, allowing the moments of the intersection to be
computed exactly. The computational times for initializing an ellipsoid on a 503 Cartesian mesh using our
analytical method and a numerical integration method with a uniform sampling of N points per direction (ppd)
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of magnitude). Increasing the number of points in the numerical method drastically increases computational
cost without significantly reducing the error. The reconstruction associated with this test case on the 50° mesh
with our analytical method and using 10 points per direction for the numerical one, is shown in Figure 1. The
reconstruction is clearly improved with the analytical method, as volumes and centroids are computed exactly.
Finally, Table 2 presents the computational times of the analytical method on finer meshes. All cases achieve
machine precision, and notably, initializing an ellipsoid on a 200° mesh takes only about one second!

Method Runtime Error
Analytic 0.026s 5.010°'#
Numerical 10 ppd 44s  4.8107

Numerical 20 ppd 28.6s 1.0107°
Numerical 40 ppd 218.0s 4.5107°
Numerical 60 ppd ~ 700.0s  3.8107°

TABLE 1: Runtime and error with analytic and numerical integration with uniform sampling for the initializa-
tion of an ellipsoid in the cartesian mesh 50°.

I I
FIGURE 1: Reconstruction of an ellipsoid in the Cartesian mesh = 50°. Numerical method with 10 ppd (left),
analytic method (right)

Mesh Runtime

503 0.026s
100° 0.14s
2003 1.04s

TABLE 2: Runtime of the analytic method on different meshes.

REFERENCES

[1] V. Dyadechko and M. Shashkov, Moment-of-fluid interface reconstruction Los Alamos National Labora-
tory Report LA-UR-07-1537, 2007.

[2] V. Dyadechko and M. Shashkov, Reconstruction of multi-material interfaces from moment data Journal
of Computational Physics, vol 227 (11) p5361-5384, Elsevier, 2008.

[3] M. Jemison, M. Sussman, and M. Shashkov, Filament capturing with the Multimaterial Moment-of-Fluid
method Journal of Computational Physics, vol 285 p149-172, Elsevier, 2015.

[4] S. Diot, and M. M Francois, Marianne M, An interface reconstruction method based on an analytical
Sformula for 3D arbitrary convex cells Journal of Computational Physics, vol 305 p63-74, Elsevier, 2016.

[5] T.Milcent and A. Lemoine, Moment-of-fluid analytic reconstruction on 3D rectangular hexahedrons Jour-
nal of Computational Physics, vol 409 109346, Elsevier, 2020.

[6] T.Milcent and A. Lemoine, An analytic approach for the moment-of-fluid interface reconstruction method
on tetrahedral meshes Journal of Computational Physics, vol 500 112758, Elsevier, 2024.

102



B ""'“’- 12th MULTIMAT conference, 7-11 September 2026

CUT-CELL DISCONTINUOUS GALERKIN FOR SHOCK AND CONTACT-
DISCONTINUITY FITTING

L. Monasse?*, M. Ciallella®

4 Université Cote d’ Azur, Inria, CNRS, LJIAD, EPC Acumes, 2004 route des Lucioles, 06902 Sophia Antipolis, France.
b Laboratoire J acques-Louis Lions, Université Paris Cité, CRS, UMR 7598, Paris, France

In this work we develop a space-time cut-cell method for shock and contact-discontinuity fitting with
Discontinuous Galerkin methods and ADER time integration.

INTRODUCTION

In compressible multimaterial fluid flows, competing strategies have been adopted to handle discontinuities
arising from shock formation or fluid state discontinuities. Successful results have been obtained by high-
order Finite Volume methods or Discontinuous Galerkin methods on fixed Eulerian grids with slope-limiting
or artificial viscosity, with the inherent drawback of smearing out some physical acoustic waves or requiring
adequate fixes in case of stiff materials or large density jumps [1]. Lagrangian methods have been largely used
in order to circumvent these issues, with the additional difficulties of large mesh deformation and handling of
sliding lines [2, 3]. In this work, we propose the alternative use of a combination of shock-fitting methods [4]
with Discontinuous Galerkin cut-cell methods [5]. However, contrary to usual cut-cell methods which focus on
space discretization on cut-cells followed by time-integration, we show that space-time geometric integration
on cut-cells is able to recover Galilean invariance, while being conveniently combined with an ADER time-
integration method for Discontinuous Galerkin.

GENERAL FRAMEWORK
Consider the hyperbolic conservation law as a space-time divergence problem [6]:
8tU + Vi F(U) = V(t,x) (UaF(U)) =

If the computational domain is composed of cells Q, which can be cut by a moving interface I';, we consider
the fluid state in the cut-cell ;. The boundary of €, is composed of two parts: the cut faces F; with fluid
neighbours on the same side of the boundary, and the interface I'; in cell Q (see Figure 1). Applying a similar
approach to ALE methods on DG schemes [7],

/ Uty /U”(p—i—/ /F( n(pdxdl—i—/ / —UV;)- n(pdxdt—/
n+1 F I

~
Dynamlc term Fluid numerical fluxes Interface flux DG local term

tn+1 tn+| tn+l

/ F(U)-Vodxdi =0,
Q
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FIGURE 1: Cut-cell and interface

where V; is the velocity of interface I';. Notice here that the space-time geometric cut-cell approach lies in
exact computation of the space-time cut-cell quadratures, while the fluxes F(U) and F(U*) — U*V; can be
approximated with an explicit ADER procedure. In the case of an interface I'; separating two fluids Uy, and Uy,
conservation implies equality of fluxes, which translates into a normal Rankine-Hugoniot relation:

Vi-nr(Up = Ur) = (F(Ug) = F(Uy)) -nr-

Similarly to [4], it is possible to follow one or several of the waves by solving the local 1D normal multimaterial
Riemann problem with Uy, and Ug, and setting V; as the wave velocity.

We will focus in the presentation on some technical aspects of the approach, in particular the high-order
quadratures on cut-cells, the stabilization procedure of small cut-cells and the ability to combine the cut-cell
approach with a Shifted Boundary method [8].
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This talk presents PHANTOMS (Portable Hp-Adaptive Numerics TOwards Multiphase Simulation), a
high-performance framework designed to bridge the gap between advanced multi-phase numerics and
next-generation heterogeneous HPC architectures. As the accelerated successor to the multi-phase frame-
work FLEXI, PHANTOMS addresses the dramatic shift toward GPU-accelerated systems by utilizing the
hardware-agnostic portability library Kokkos to decouple numerical algorithms from specific hardware
backends. The approach refactors the established hp-adaptive hybrid DG/FV discretization to enable con-
current execution on accelerators, while supporting hybrid OpenMP/MPI parallelization for multi-node
systems. The novel code builds on a dynamic memory management to allow for adaptive refinement and
narrow band-masking, providing an efficient basis for exascale-ready sharp-interface simulations.

INTRODUCTION

Compressible multi-phase and multi-component flows are central to aerospace and automotive applications,
with phenomena ranging from the vaporization and mixing of e-fuels in next-generation aerospace engines to
the high-speed injection and turbulent mixing of underexpanded hydrogen jets in H,-ready internal combustion
engines. Simulating such flows remains highly challenging due to the strongly nonlinear interaction of shock
waves, turbulence, material interfaces and interfacial thermodynamics, all of which span a wide range of spatial
and temporal scales. To address these challenges, the high-order framework FLEXT combined a sharp-interface
approach with an interface Riemann solver, enabling the consistent coupling of micro-scale thermodynamics
with the compressible continuum bulk flow. The framework exploits the exponential convergence of a p-
adaptive Discontinuous Galerkin Spectral Element Method (DGSEM), while ensuring robustness through h-
refined Finite-Volume (FV) shock capturing on a sub-grid level. The approach was demonstrated to accurately
and efficiently simulate complex droplet dynamics with phase transition (Fig. 1a) [1, 3] as well as supersonic,
turbulent multi-component flows (Fig. 1b) [2].

With modern HPC architectures undergoing a dramatic shift towards heterogeneous CPU/GPU systems,
the remaining building block for large scale multi-phase simulations - efficient and scalable implementation
for current HPC systems - poses significant challenges for existing CFD codes. With the novel code frame-
work PHANTOMS, this talk addresses this missing link with three core implementation strategies to adapt to
heterogeneous HPC architectures:
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(a) Shock-droplet interaction (b) H>-jet injection

FIGURE 1: Demonstration of the hp-adaptive hybrid DG/FV framework applied to (a) a multi-phase flow with
phase transition and (b) a compressible turbulent multi-component flow.

* Performance Portability: PHANTOMS utilizes the Kokkos library to decouple numerical kernels from
specific hardware backends. By abstracting memory management and execution spaces, the framework
achieves write-once, run-anywhere capability across NVIDIA, AMD, and Intel GPUs, as well as multi-
core CPUs, ensuring long-term viability on evolving heterogeneous clusters.

* Multi-Layered Parallelization: The hybrid DG/FV algorithms have been refactored to support a so-
phisticated multi-layered parallelization strategy. PHANTOMS uses MPI for inter-node communication
while orchestrating intra-node workloads by offloading the simulation loop to accelerators and utilizing
OpenMP for CPU-based execution of pre- and postprocessing. This allows the framework to exploit the
full hardware spectrum on heterogeneous CPU/GPU nodes.

* Dynamic Resource Management: On modern heterogeneous systems, memory bandwidth and capacity
often become the primary bottleneck. PHANTOMS introduces a novel dynamic memory management
system specifically for hp-adaptive refinement and narrow-band interface capturing. By dynamically
allocating resources only where needed, the framework drastically reduces the memory footprint and
computational overhead for complex phenomena like droplet grouping.

The efficiency of the novel framework PHANTOMS is evaluated through a series of scaling tests and high-
fidelity benchmarks for compressible turbulent flows. The results confirm the effectiveness of the multi-layered
parallelization strategy on GPU-accelerated clusters and demonstrate the framework’s applicability to complex
flow phenomena and current HPC hardware.
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ABSTRACT

This research presents a new class of hyperelastic laws in the context of large deformations. These laws
are mathematically well-posed, regardless of the deformation. They are power laws that satisfy the hyper-
bolicity criterion. Hyperbolicity, also known as rank-one convexity, is a weaker condition than polycon-
vexity. Consequently, we have more hyperelastic laws that satisfy the hyperbolicity criterion. These laws
can be combined to fit the energy curves of real materials. The Neo-Hookean model, the Yeoh model, and
the famous Aruda-Boyce model are derived.

INTRODUCTION

In the article [1], S. Ndanou et al. proposed a new hyperbolicity criterion for the hyperelasticity system of
equations, where they considered that the density is a separated variable, free from the elastic variables. We
proposed a hyperelastic law W that depends on J, = G : G, where G = B™!, with B being the left Cauchy stress
tensor. We have shown that this law satisfies the proposed theorem. More importantly, we have shown that this
law does not satisfy the polyconvexity criterion of Dacorogna et al. in 3D: [2]. The polyconvexity criterion
(global) is a significantly more restrictive condition than the rank-one convexity (local) criterion. Therefore,
the objective was to ascertain the hyperelastic law that would render the system of hyperelasticity equations
hyperbolic without satisfying the polyconvexity criterion. The new hyperlelastic law has the form:
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where r is a rationnal number, j; =r(G) and j, =G :G =1r(G?), G = %,G = B!, where B is the
G)3

left Cauchy stress tensor and Cy;,, Gi, Hj, Z;, R; are constants depending on material parameters.

Another proof of the rank-one convexity of W is done. We have achieved an ingenious decomposition
of the eigenvalue matrix of the system associated with this energy W into a sum of matrices that are more
readily analyzable. These matrices are non-negative and positive definite. This decomposition allowed us to
circumvent, in a way, the theorem we established earlier (2014), which is remarkable.
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ABSTRACT

We formulate an energy bounded interface formulation for canonical one-dimensional nonlinear evapora-
tion two-phase model problems (the Stefan and/or sucking problem). We focus on the interface between
the vapor and the liquid and derive interface conditions leading to well-posedness and energy stablity.

INTRODUCTION

We prove energy stability of two important model problems for incompressible two-phase liquid-gas flows.
In particular, we consider the evaporation interface between the two phases for the so called Stefan and sucking
problems [1]. These stiff model problems are commonly used to validate production codes. Our ambition is to
provide a correct mathematical-numerical formulation of the given physical models leading to energy stability.

THE GOVERNING INITIAL BOUNDARY VALUE PROBLEM

fixed mOYing fixed fixed fixed fixed
vapor

VI =Ts L,T, = gn
LoT, = go I,=Ts

(

LT, = gn

LT, = go

(a) Moving interface (b) Fixed interface

FIGURE 1: Transformation from (x,7) with a moving interface to (&, 7) and (1, 7) with a fixed interface.

We consider the temperature distribution close to a moving evaporation interface between an incompressible
viscous vapor and liquid in space one dimension. The governing coupled initial boundary value problems
(IBVPs) in Q = [xg, x,| transformed to a fixed interface geometry with metric coefficients, see Figure 1, are

ﬁv<(JvTv)T+ (aT,) 5) = k(' Te); E€Q=15,0],
Tv = T57 é = 67
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where T,p,C,, k denotes temperature, density, specific heat at constant pressure and scaled heat conduction
coefficient respectively while § = (pCp). The subscripts v,1, § denotes vapour, liquid and evaporation interface
respectively. The problems are connected at the fixed interface & = 1 = & by the externally given evaporation
temperature 7. We ignore outer boundary and initial conditions in (1) and focus on the interface. Furthermore,
ay=u,+J,& = u, —x; = u, —ity,a; = u; +J,M; = u; — x; = u; — ii; are the transformed wave speeds, J, and J; are
the Jacobians of the transformation and u,, i; are the original wave speeds which satisfy the incompressibility
constraint. The mesh velocity at the interface where i, = ii; = iig is given by the interface gradients

puhuiis = [kid; ' Tig —kdy ' Tye] 5. )

(1b)

In the talk: By using the continuous energy method on the IBVP (1) with the mesh velocity definition (2)
and a strong and weak imposition of the interface conditions 7, = T; = T, we prove energy-boundedness.

SEMI-DISCRETE ENERGY STABILITY

Following [2], we mimic the continuous analysis numerically by using the SBP-SAT framework. We denote
T, as the numerical approximation of 7;, at all grid points and the vectors D¢ T, =T, ¢ to be the approximation
of 7, ¢ where D¢ = Pg ! Q¢ is the differention matrix on SBP form [3]. The so called SBP property is

Q: +0f =B; = Ey — E§ 3)

where Eg = diag(1,0,...,0) and Ef, = diag(0,0,...,1). The matrix P is diagonal, positive definite and defines
a quadrature formula (])TPg v~ [dydx, (j)TPg o =9] |%,§ where ¢ and y are vectors with ¢; and y; at node &;.
The semi-discrete version of the continuous IBVPs (1) with weak SAT interface conditions are

@”((mv)ﬁmv,f+DgAvTv+AvD<:Tv> ~ kD (1T, )

+p;! (c}E,%(TV ~T8) + 62(Ey T, — EJTy) + 63 DL ER (T, — Tf)) :
5 “)
EI ((J[T[)T +JiTi ¢ +DnA1T[ +A1DnT1> = k/Dn (Jl_lT[‘n)

+P, ! <<711E(1)1 (T, = T7) + o7 (B T, — EST,) + 07 DY EJ (T, — Tf)) .

In (4), Tf is equal to T, except in the last node which contain T5 and Tf is equal to T; except in the first node
which contain T5. Moreover J,,J; and A,, A, are diagonal matrices approximating J,,,J; and a,, a;, respectively.

In the talk: By using the discrete energy method on the semi-discrete approximation (4) of IBVP (1) we
determine the penalty coefficients O'ik in the SAT terms and prove energy stability.
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High-order methods offer computational advantages for resolving physical scales of motion, like those
associated with turbulence and mixing [1,2]. A structured computational mesh simplifies high-order dis-
cretization schemes but creates complexity in how non-grid aligned features are modeled in the flow, such
as at solid or material boundaries. A smoothed interface (SI) method and a six-equation model are used
to model the interaction between material interfaces and shock waves for arbitrary equations of state.
Spurious interfacial pressure errors are greatly reduced for the given method where equilibration methods
generate spurious errors and instabilities. The new model is adapted from Saurel [3] and includes an
interface sharpening method from Brill [4] which keeps interfaces sharp. A surface tension model is con-
sidered for low Weber number flows. Several numerical test problems are used to quantify the accuracy
and errors associated with the model.

INTRODUCTION

This work leverages previously developed six-equation multi-material into a high-order finite difference
code in order to solve flows with liquid metal-air interfaces while preserving stability and accuracy. A water-
droplet impact problem is retained as a baseline verification case, and a liquid-tin Weber-number comparison
is used to show sensitivity to surface tension.

Equations of motion

The governing model follows the pressure-relaxation six-equation formulation highlighted in the presenta-
tion, evolving species density, species mass, bulk momentum, and species total energy while retaining separate
material states in a shared velocity field. The full model and terms will be defined and described in the presen-
tation.

Ip;
a” LV (pu) =V -Jp +Cp (1
IpY:
g ) =V-J, 2)
dpu
T—FV (puu+pé)=V-1+4+V-F,
a‘;E (VEm) = V- (Viti-u) +C,
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RESULTS

Qualitative results for two test problems are shown here. The first is the single droplet-impact test problem
used to assess interface behavior and shock structure in air. The second is a molten-tin, multi-droplet splash
test problem in air at 0.1km/s, where finite- and infinite-Weber-number calculations illustrate the qualitative
impact of surface tension on splash-back structure.

FIGURE 1: Volume fraction of liquid water from a simulation of a droplet impact problem (blue) with nu-
merical schlieren (grayscale) showing the resulting shock wave structure in the air. Left shows initial droplet in
motion (Mach= 0.5) just before impact and right shows resulting splash pattern and breakup of the impact.

FIGURE 2: Finite Weber number (left) and infinite Weber number (right) droplets impacting a pool of molten
tin in air at 0.1km/s. Weber number effects impact the structure and scale of splash back particles.

CONCLUSION

The current multi-material formulation provides a concrete path toward direct focused-physics calculations
of liquid metal-air interfaces.
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ABSTRACT

A novel and unified compressible two-phase model with two scales for the separated-to-disperse transition
in atomizing flows is presented [1]. The model accounts for surface tension at both large and small scales
and can dynamically transition from a large-scale separated regime to a small-scale disperse regime. The
inter-scale mass transfer from the large to the small scale is activated when local kinks in the large-scale
interface lead to curvatures that exceed a prescribed threshold. This transfer is local, dissipative and leads
to regularization of the large-scale interface and the formation of a spray of droplets. A numerical scheme
is proposed and the numerical simulation of a liquid column in a gaseous flow allows to demonstrate the
performance and properties of both the model and the numerical scheme.

INTRODUCTION

Two-phase flows of liquid and gaseous phases play an important role in many industrial applications, such
as the injection and atomization of a liquid jet in combustion chambers. Several models have been developed
for the various regimes (separated phases and disperse phase). For the simulation of atomization processes in
industrial applications such models are often coupled numerically, sometimes with mesh-dependent parameters.

In this contribution, we present a two-scale compressible model [1], which provides a unified description of
separated-disperse phases, so as to naturally take into account the multi-scale nature of atomization phenomena.
The small scale is assumed to be in the disperse regime, made of small liquid inclusions carried in the gaseous
phase. An inter-scale mass transfer process from the large scale to the small scale is derived by introducing a
length-scale threshold and leads to separation of scales. The mass transfer allows to regularize the large-scale
interface consistently with a surface energy balance at both scales. The resulting process is dissipative, in the
sense that it satisfies the second law of thermodynamics.

MODELLING APPROACH

The proposed modelling approach follows the one proposed in [3]. However, the model derived in [3]
exhibits a thermodynamic mismatch between scales, whereas the present approach allows the model to be
thermodynamically consistent across scales [1]. The liquid volume fraction oy;q is decomposed into a large-
scale contribution oy and a small-scale one o; representing droplets. The model is derived using the Stationg
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Action Principle framework presented in [2]. The physical Lagrangian reads

1
L= §P|u|2 — (mg+ma) fiiq (Piiq) — mgfe (Pg) — O|Vau| — 024,

where m, = a,p, (b = ¢,d) is the effective mass and where f, (b = liq, g) is the free energy of each phase. The
large-scale surface energy is represented by o|Voy|, following the Continuum Surface Stress approach. The
sub-scale surface tension is represented using an interfacial area density X, for which an evolution equation is
presented.

The variational principle yields the reversible part of the model. Source terms are then added and include
a relaxation towards a modified Laplace law with a curvature threshold. Inter-scale mass transfer source terms
are derived to remove large-scale interface kinks which exceed the curvature threshold and generate sub-scale
droplets. The resulting process is based on a surface energy balance and is compatible with the second law
of thermodynamics. Extension of the model to include thermal non-equilibrium between the phases is also
discussed.

NUMERICAL PROOF OF CONCEPT

The proposed numerical approach is based on a finite volume discretization combined with the method of
lines. Time integration relies on an operator-splitting strategy, whereby the system is decomposed into three
subsystems: a first-order hyperbolic subsystem accounting for convective and acoustic fluxes; a subsystem
describing large-scale capillary effects; and a subsystem governing relaxation and inter-scale mass transfer. For
the hyperbolic subsystem, the HLLC scheme is used, while for the large-scale capillary subsystem a centered
discretization is used. Finally, for the source terms, instantaneous relaxation is considered and the numerical
method is based on a dual-time stepping approach enabling the design of a bound-preserving method.

A proof-of-concept test case is presented to illustrate the properties and advantages of the model. In a two-
dimensional configuration, a liquid column is deformed by an incident gas flow, leading to the formation of
filaments on both sides of the interface. As shown in Figure 1, in the absence of inter-scale mass transfer, the
interface continues to stretch and develop increasingly fine structures. Eventually, the interface is no longer
closed. In contrast, with the two-scale approach, when the mass transfer mechanism is active, the interface
remains well localized and closed, and small-scale droplets are generated (see again Figure 1).

FIGURE 1: Large-scale interface represented by |V ay| (grey scale colormap) and small-scale volume fraction
o, (semitransparent green colormap) for the two-scale model (left) and without two-scale approach (right).
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Axisymmetric (or rz) discretizations are useful for modeling rotationally symmetric problems at a substan-
tial computational savings compared with fully three-dimensional calculations. Examples of problems where
this is useful span many disciplines: astrophysics (modeling stars, supernova, planetary bodies, etc); impacts
on spherical bodies; inertial confinement fusion capsule modeling; bubble rising models; etc. The challenge
of developing such discretizations in any numerical method is that the coordinate system is singular as one
approaches the r = 0 (or z) axis: the typical error one sees in axisymmetric hydrodynamical models is a de-
viation from the expected symmetry as this line is approached. Depending on their severity, such errors can
render axisymmetric models useless for many problems where the most interesting evolution is occuring near
this axis of symmetry (such as crater modeling where the impactor travels along the r = 0 line). For mesh based
hydrodynamics methods several successful rz discretizations have been developed [14, 2, 1, 4], mostly based
on so called area-weighting discretizations (though [4] uses an alternative finite-element approach). Similarly
for SPH there have been several studies devoted to developing an axisymmetric smoothed particle hydrody-
namics (SPH) discretization, some based on variations on area-weighting ideas [3, 7, 6, 5, 13, 8], while others
have used different methods of starting with the 3D SPH equations in (r,z,0) space and integrating out the 6
contributions [11, 9, 12].

In this work we examine a new variation on the use of area-weighting ideas in the SPH framework. Fun-
damentally area-weighting is the idea of doing the numerics of the discretization in the (r,z) plane as much
as possible; i.e. treating the numerics similarly to the 2D (x,y) discretization which does not have the sin-
gularity of the axisymmetric coordinate system and attendant numerical difficulties. The advantage of such
methods is they are more stable as we approach the r = 0 axis and therefore maintain the expected symmetries
(such as allowing spherical flows to remain spherically symmetric). However, this stability comes at the ex-
pense of rigorous conservation of the hydrodynamic invariants: because area-weighting does not maintain the
standard symmetries usually enforced in the momentum equation rigorous conservation of linear momentum
is lost. Nonetheless most of the successful mesh-based (r,z) discretizations referenced above are based on
area-weighting for the sake of maintaining stability and the expected symmetries in problems such as spherical
inflow or outflow.

In our new methodology we are able to treat more of the SPH differencing in a Lagrangian manner in
the 2D (r,z) plane compared with prior studies, and find improvements in the stability of our results. We
also demonstrate how to extend the compatible energy discretization for SPH [10] for use in axisymmetric
coordinates. We will show results for classic hydrodynamics test cases such as the Sedov and Noh problems
using planar, cylindrical, and spherical symmetries — i.e., modeled along the z (planar), r (cylindrical), and
equally in (r,z) (spherical) cases. These problems are very useful for stressing the discretization in different
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ways and testing how well the expected symmetry is maintained in each case. Additionally the Noh and Sedov
cases test two interesting endpoints of strong shock hydrodynamic problems: the Noh problem starts with all
the energy in kinetic and progressively converts that to thermal energy via shock processing, while the Sedov
problem proceeds in the opposite sense converting thermal to kinetic energy. As an example Fig. 1 shows
the outcome for the mass density for the spherical Noh problem. The images in Fig. 1a show the final mass
densities for all points modeled using the compatible energy treatment (on top) vs. standard non-compatible on
the bottom. The right panel in Fig. 1b shows the final profiles in each case plotted against the analytic solution.
We plot the 1 — ¢ scatter around these profiles as shaded regions around these plots, which demonstrates there
is very little scatter except near the origin where the classic wall heating problem is also evident.

We also derive the solid form SPH using the full stress tensor, and demonstrate results for classic solid test
cases such the Verney shell implosion (an analytic test of plastic work).

60
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(a) Mass density images (b) Mass density profiles

FIGURE 1: Spherical Noh problem at # = 0.6. Panel la compares the mass density at this time using the
compatible energy discretization on top, vs. the standard time evolution for the thermal energy on the bottom.
Panel 1b shows the averaged profiles as a function of radius from the origin for both calculations vs. the analytic
solution (blue is the compatibly differenced result while red the standard case); shaded regions show the 1 — o
scatter of the values in each averaged bin about these curves.
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ABSTRACT

We present progress towards incorporating a solid dynamics model into a massively parallel high or-
der multi-material solver. We employ the thermodynamically consistent hyperelastic constitutive models
to describe the response of solid materials under large deformations. Plastic behavior is incorporated
through the plastic deformation-rate tensor, which introduces additional source terms into the evolution
equations for the deformation gradient. These terms are mathematically stiff due to the relatively small
plasticity time-scales. We use an Implicit—Explicit (IMEX) Runge—Kutta time-integration strategy to re-
solve plasticity terms implicitly while the remaining terms are advanced explicitly in time. This mixed
treatment mitigates the otherwise severe time-step constraints associated with plasticity, without resort-
ing to low-order approaches (e.g. operator-splitting) and improves the overall accuracy and robustness
of the time integration. This work extends an existing multi-material hydrodynamics model, in which
each constituent material is allowed to evolve its own thermodynamic state—pressure, temperature, and
deformation gradients (i.e. p, T, ¢ non-equilibrium). This separation of states provides a more faithful
representation of the underlying physics than approaches that enforce instantaneous equilibrium across
materials with vastly different properties. Initial tests on problems involving multiple solids and fluids
demonstrate the robustness and accuracy of the method.

INTRODUCTION

We present a numerical method for multi-material solid dynamics for high-strain-rate problems. The method
is built in a previously developed high order multi-material framework [1, 2]. The baseline numerical method
combines the following key recipes: (A) High order discontinuous Galerkin spatial discretization; (B) Algebraic
interface reconstruction for material interface capturing; and (C) Direct time integration. Details about these
can be found in our previous articles [1, 2]. The THINC algebraic interface reconstruction is able to capture
material interfaces in 2-3 computational cells [2]. It is important to note that THINC does this without any
iterative solvers involving geometric intersection operations, with a trade-off that it cannot capture material
interfaces within a single cell. However, the computational savings from a single-step algebraic reconstruction
are large, and can be easily put towards AMR in interface regions to obtain a very sharp interface. This can also
be combined with p— refinement to result in a highly efficient and accurate multi-material method.

In this work, we extend the above method to solids. We use the hyperelastic-plastic [3] model to obtain
Cauchy stresses from the material deformation gradient tensor. Plastic deformation is handled using the plagtic
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deformation-rate tensor [4]. Since the time scales of plasticity are very small, this leads to a mathematically
stiff system. We use an Implicit-Explicit (IMEX) Runge-Kutta time integrator that allows selective implici-
tization of these stiff terms while maintaining overall high order accuracy in time. This avoids the need for
low order operator-split approaches, therefore improving overall solution accuracy. As a preliminary step to
include damage, we use a Johnson—Cook-type model [5]. We are aware of the localization issues (viz. mesh
convergence) with this model, and improved damage models will be a topic of future work. The method is im-
plemented in an open source massively parallel hydrodynamics solver, Quinoa’. Quinoa is based on Charm++,
an asynchronous-parallel task-based runtime system that handles dynamic load balancing. This automatic load
balancing capability is instrumental for efficient simulations of heterogeneous multi-material hydrodynamics
scenarios.

EXAMPLE PROBLEMS

Example solutions of multi-solid-fluid problems using the presented method are shown in Fig. 1. The
presented method shows great potential for application to high-deformation multi-material hydrodynamics ap-
plications.

FIGURE 1: Aluminum Taylor anvil problem (left), and Steel sphere impact problem (right).
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ABSTRACT

We present a high-order extension of the subface flux-based Finite Volume (FV) method proposed in
[2, 3], for solving the compressible Euler equations on general unstructured grids, based on the seminal
work [1]. The underlying multipoint (MP) approach relies on a node-based formulation that enables a
genuinely multidimensional treatment of numerical fluxes, addressing the limitations of dimensionally
split approximate Riemann solvers. The second order MP-FV scheme of [3] exhibits a reduced sensitiv-
ity to pathological instabilities, such as the carbuncle phenomenon, as well as to mesh-induced artifacts
like odd—even decoupling, at the price of being slightly more dissipative than classical face-based FV
approaches. In this context, the development of a high-order hybrid extension is thus motivated by the
need to improve accuracy, while preserving the robustness properties of the original formulation. In par-
ticular, we propose a hybrid discretization where the flux integrals are approximated through the Simpson
quadrature rule, employing the multipoint subface fluxes at the endpoints (vertices of the grid), and a stan-
dard face-based flux at the midpoint (baricenters of the faces). This choice provides a balance between
multidimensional consistency and numerical accuracy. Third-order accuracy in space and time is then
achieved by employing a Central Weighted Essentially Non-Oscillatory (CWENO) spatial reconstruction
and a Strong-Stability Preserving Runge—Kutta time integration scheme. The performance of the pro-
posed method is assessed on a set of benchmark tests, demonstrating improved accuracy while retaining
the favorable stability properties of the pure node-based formulation, with reduced sensitivity to typical
numerical pathologies of classical face-based FV schemes.
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ABSTRACT

The Arbitrary Lagrangian—Eulerian (ALE) formulation in solid dynamics was originally developed to mit-
igate excessive mesh distortion in highly deformable hypo- and hyper-elasto-plastic processes [1]. In addi-
tion to the standard material (initial) and spatial (current) configurations, ALE introduces an intermediate
referential (intrinsic) configuration, enabling the decoupling of material and mesh motion. This additional
flexibility makes ALE methods particularly well suited for problems involving large deformations, where
maintaining mesh quality is critical. This poster builds on ongoing work within the group, with a partic-
ular focus on the development of robust and adaptive mesh motion strategies within a novel ALE-based
first-order conservation law framework for multi-material shock hydrodynamics. Under isothermal, non-
dissipative conditions, the governing mass and linear momentum conservation laws are formulated and
solved in the reference configuration, while more complex irreversible processes are treated through the
coupled evolution of internal state variables. Central to the proposed approach is the formulation of mesh
motion as a momentum-type conservation law, driven by an energy potential defined as a convex combi-
nation of material and spatial deformation measures. This enables a dynamic and adaptive redistribution
of the mesh, significantly improving element quality in the presence of large, and potentially irreversible,
deformations. In parallel, the deformation gradient tensor is obtained via a multiplicative decomposition
into two auxiliary fields, each governed by additional first-order conservation laws, ensuring consistent
convergence of kinematic and kinetic variables. A variationally consistent, vertex-centred finite volume
discretisation is employed [2], ensuring conservation and compatibility with the underlying continuum
formulation. The resulting scheme satisfies a global discrete entropy inequality, maintaining consistency
with the second law of thermodynamics [4]. The effectiveness of the proposed mesh motion strategy is
demonstrated through a range of benchmark problems, highlighting improved robustness and accuracy
for both reversible and irreversible processes (e.g. thermal, viscoelastic, and viscoplastic behaviour).
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ALE FORMULATION

Building on References [3, 4], the formulation is based on a system of first-order conservation laws posed
in the referential domain as

ou
Ttx + DIVX‘FX - SX’
X
where the column vectors of unknowns U, fluxes F,, and source terms S, are given by
Px (P+J\I_JIPX®W) Hy Ix
_ |Fe _ R o
Ux = Fyg Fx = Wel » Sx = 0|’
Jw HIwW 0

where py, = pxJyv is the linear momentum per unit of reference volume; px is the material density; Fg
and Fg are deformation gradients defined from the referential to the initial and current domains, respectively,
with Hy and Jg being the co-factor and Jacobian of the latter; © and W are the corresponding spatial and
material velocities related to the physical velocity v via v = v + FW with I = Fe Iy, L fx denotes a body
force per unit referential volume, and P is the first-Piola Kirchhoff stress tensor. Additional first order evolution
equations along with suitable constitutive closure models can be added to describe reversible and non-reversible
processes (i.e. thermal, viscoelastic, viscoplastic), and appropriate Rankine-Hugoniot jump conditions can be
added when dealing with different materials across a moving interface [5].

ADAPTIVE MATERIAL MESH MOTION

An adaptive material mesh motion W is introduced through the definition of a material momentum p,, =
px W, which is governed by a momentum-type of conservation equation of the form

oV, (Fy) 70V, (Fa)
oFy T Ry

Pw| _prv, p, —o; P, =(1-a)
at |,

where the material stress tensor P, is derived consistently from an energy potential ¥, (Fg, Fiy) defined as
an a-convex combination of material and spatial deformation measures. This formulation enables a flexible
and adaptive control of mesh motion through the choice of the underlying energy functional. Particular em-
phasis is placed on the selection of alternative energy potentials (e.g. higher-order Mooney—Rivlin and ARAP
formulations) to assess their influence on mesh deformation and quality. For irreversible, plasticity-dominated
processes, an alternative mesh motion strategy is proposed, whereby the material mesh motion is driven to
approximate the inverse of the plastic deformation within the context of a multiplicative decomposition. The
proposed approach highlights the enhanced capabilities of ALE formulations compared to Total Lagrangian
methods, particularly in maintaining mesh quality under large deformations.
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Peter Lax was a giant of applied mathematics with few equals. Last Spring, he passed away at the age of
99. Itis a good time to reflect upon the monumental contributions that he made in his storied career. In
honor of his extensive and storied career, it would be good to reflect upon the contributions he made to
our chosen field of endeavor. This is but one of his areas of contribution; Lax did even more. To highlight
the magnitude of his achievement, he received the 2005 Abel Prize. He was at Los Alamos during the
Manbhattan Project, right out of high school as a draftee. He rode this momentum, providing mathematical
rigor to the birth of computational science, most prominently in hydrodynamics. His contributions to
compressible hydrodynamics are foundational. We have summarized some of this recently[1].

The Equivalence Theorem is amongst his most fundamental contributions[2]. It is limited in rigorous
applicability, but encapsulates the basic benefits of growth in computing capability. More computing
effort yields improved results via convergence toward the correct solution. The theory connects consistent
and stable methods to that convergence. These combined expectations are the foundation of verification
practice. The difficulty of the theory is highlighted as the theorem only applies to linear equations and
methods. Nevertheless, the practice of numerical methods shows that convergence is seen with nonlinear
equations and methods of broad interest.

Next is the Lax-Wendroff theorem[3]. This work provides the theoretical basis for choosing a conservation
form numerically. The use of conservation form provides the benefit of producing weak solutions of the
equations. The problem is the non-uniqueness of those weak solutions. Pairing with the importance of
conservation form are entropy conditions[4]. The key to computing weak solutions is choosing the correct
physical solution. This admissibility gives rigor to the use of numerical dissipation in methods. High-
resolution methods are the lifeblood of modern computing[5]. Lax defined this concept, where high-order
elements provide clear benefits computationally. They do so without giving formal high-order accuracy.
Nonetheless, these methods are now standard.

He also contributed the Lax-Friedrichs method that continues to strongly influence modern numerical
methods[6]. His use of the Riemann problem to test methods is also standard. Below, we demonstrate
the method in its simplest setting as a demonstration of verification of a method. We solve the scalar
advection equation using Lax-Friedrichs and show the computed results that reflect analytical properties.
We can derive the properties of consistency and stability analytically. These are then demonstrated in
code verification numerically.

All of this work is combined with a mathematical theory of hyperbolic conservation laws[7]. This theory
is extensive and general. It is limited to one dimension and reflects the challenges and reality of the field.
Today, the multi-dimensional theory is still beyond our ability to define and remains an active area of
research. Lax defined the basis of these studies. His works have provided an inestimable foundation for
the work we do today. My goal is to both honor Lax’s contributions and also speak to how his key focus
has provided a fundamental basis for advances to follow.
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In this study, a multi-velocity formulation was developed and implemented for material interaction be-
tween Material Point Method (MPM) particles and Eulerian material fields. This formulation allows for
improved simulation of fluid-structure interaction by introducing variable material interaction forces be-
tween the MPM materials as well as with an averaged Eulerian phase.

Unlike the contact algorithm for a single-velocity formulation where techniques such as penalty functions
are used, a multi-velocity formulation is used which calculates the interaction between materials through mod-
eled drag coefficients with relative velocity, which is more physical than simplified penalty functions. Also, the
material interface in this formulation is non-diffusive, without the need for any special interface reconstruction
treatment. This study proposes a method in which the material interaction force is calculated on the Eulerian
grid, with individual velocities for Eulerian materials and MPM materials.

In this method, all Eulerian materials keep a single velocity, which allows those materials to still use interface
reconstruction. This is important in simulations where Eulerian materials benefit from interface reconstruction,
while large-deformation processes such as crack opening and fragmentation are handled by MPM. The main
drawback to this implementation is that it is unable to handle fully mixed debris flow or dispersive flows. The
advantages of this method are the savings in computational time in allowing some materials to be Eulerian as
well as the flexibility of choosing which materials are modeled with MPM.

The average momentum equation is given by Zhang [1].

d .
=-(6:(p) i) +V - (8:(p? ) witt;) = — 6,V (p) + V - [6:((6) — (puiuei) + (p)D)] + f ¢))
ot
where the phase interaction force f; is modeled as a drag or friction force [2],
36,6,C
fi="0gplluj— wil(u;—u) @)

and where subscript i is the current material, subscript j is the other material, Cy is the drag coefficient, d is
the characteristic length, 0 is the volume fraction, p° is density, u is velocity, and the angle brackets denote
ensemble material averages. This force is broken into a tangential component and normal component so that
separate coefficients can be specified for slip and for penetration/separation.

Preliminary results are shown in Fig. 1, demonstrating the ability to control the amount of penetration
between the two MPM materials and into the Eulerian fluid on the left of the classic triple point problem.
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FIGURE 1: Triple Point Problem with Eulerian fluid on the left. Results for (a) no slip/penetration and (b) full
slip/penetration, showing the effect of the interaction force coefficients on material interface behavior.
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ABSTRACT

We present a novel mimetic method based on finite element exterior calculus (FEEC) [1] and Whitney
forms. Differently from [2], the method works on simplicial grids and its characterizing feature is the
adoption of a novel approach in defining the degrees of freedom. In fact, we replace moments, usually
adopted for Whitney forms, with weights, linear functionals obtained by integration over appropriate
subdomains. This concept encodes the duality between k-differential forms and k-manifolds.

Our construction [3, 4] is based on a specific cell-complex in each element 7', whose cells are in duality
with an explicitly computable basis for &2 A¥(T). Thus, the action of the exterior derivative d on this
basis can be written in terms of the topological boundary operator dC, leading to a very simple assembly
of linear system matrices in the Finite Element approach. Another important consequence is that the dis-
crete differential inherits properties from the continuous structure and in particular, our discrete solution
satisfies point-wise involution constraints arising from d*> = 0.

This approach is suitable to construct discretizations for systems of partial differential equations in which
it is crucial to satisfy involution constraints up to machine precision. We present the general construction
and a specific application the VVP formulation of the Stokes’ problem to the language of differential
forms. Tests have been conducted up to third order accuracy, and preconditioning techniques have also
been studied.
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A VARIATIONAL MIMETIC FINITE DIFFERENCE METHOD FOR ELLIP-
TIC INTERFACE PROBLEMS ON NON-MATCHING POLYTOPAL MESHES
WITH GEOMETRIC INTERFACE INCONSISTENCIES
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A new variational mimetic finite difference method for elliptic interface problems with perfect and im-
perfect thermal contacts on non- matching polytopal meshes with geometric interface inconsistencies is
developed and analyzed theoretically and numerically. The method is defined on multiple non-matching
submeshes with gaps and overlaps along their interfaces - Fig.1. The discrete equations are derived from
a minimization problem for the augmented Dirichlet functional. For a perfect thermal contact, the func-
tional uses a modified mimetic gradient with extended stencil which couples unknowns from both sides
of an interface, as well as penalty terms to enforce weak continuity of temperature across the interface.
The method leads to a symmetric positive definite matrix for any scaling of the penalty terms. For an
imperfect thermal contact, the Dirichlet functional is supplemented with a quadratic jump term along the
interface related to the interface thermal resistance. We prove that the method conserves the total heat flux
across each interface. The obtained results are verified with numerical experiments showing convergence
in the discrete L, and L™ norms. Some details can be found in [1].
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FIGURE 1: Meshes with geometric interface inconsistencies. Color map of the solution - demonstrates conti-

nuity of the solution across interface.
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M. Tupek, S. Watts, C. White

Lawrence Livermore National Laboratory, Livermore, CA, USA

ABSTRACT

INTRODUCTION

Adjoint methods for efficiently computing sensitivities of quantities of interest were largely pioneered within
the physics simulation community. More recently, machine learning, with its need to train extremely high
dimensional models, has driven innovation in these techniques. New theory, algorithms, and software make it
an opportune time to take a fresh look at differentiable multi-physics simulation.

This talk describes methods for gradient-based optimization of systems with contact, with a focus on solids
undergoing large deformations, inelastic material behavior, and dynamics unfolding over multiple time scales.
Gradient-based optimization proceeds by launching simulations in an automated loop, using gradients of ob-
jective and constraint functions with respect to the parameters to guide updates. The first challenge in this
framework is robustness. In implicit time integration, contact mechanics is infamous for making even a single
simulation difficult to solve. We present solution methods that are based on minimization of scalar energy-like
potentials. The minimization structure opens the door to methods from mathematical optimization that de-
liver excellent efficiency and robustness. Using tools such as variational constitutive updates, the minimization
structure extends to discrete formulations of dissipative systems.

The second challenge is smoothness. Contact is plainly non-smooth, and closure models may introduce
additional non-smoothness, such as elastoplasticity. These non-differentiabilities lead to noisy gradients that
retard or even block convergence in design optimization. We describe reformulations of the contact physics
and closure models that regularize these behaviors and improve optimization performance. We conclude with
design optimization examples that highlight practical strategies, and common pitfalls, in formulating objective
and constraint functions to achieve useful outcomes.
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ENTHALPY PRESERVING SIMPLE RIEMANN SOLVERS FOR STEADY
HYPERSONIC FLOWS
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This work is devoted to the numerical resolution of the stationary Euler equations around vehicles sub-
mitted to hypersonic flows. Especially, the question of total enthalpy preservation of Riemann solvers
through shocks. It is well known that Rusanov, HLL, HLLC, or Roe schemes do not preserve total en-
thalpy when solving stationary problems. It makes them less attractive than flux vector splitting schemes
for some Navier-Stokes problems, as some algorithms may rely on total enthalpy based criterion to detect
the boundary layer, or to consider ablation coupling with solids. The RoeM schemes [1] were developed
to solve this issue by modifying the Roe scheme, and total enthalpy is finally preserved. Inspired by the
RoeM schemes, a solution is proposed to correct this flaw using Godunov-type schemes based on Simple
Riemann solvers [2]. An example of the Mach 20 flow around a cylinder is presented on Figure 1, and
shows that this modification effectively preserves enthalpy.

FIGURE 1: Density (left) and total enthalpy (right) for the mach 20 flow around a cylinder. The density field
matches the reference solutions of the literature, while the enthlapy field is constant in the whole domain. The
correction proposed here preserves enthlapy.
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ABSTRACT

We propose a remap approach for multi-material Arbitrary Lagrangian-Eulerian (ALE) hydrodynamics
that simultaneously enforces sharp material resolution, conservation of volume, mass, and total energy
(per material), momentum, bounds preservation, and material volume fractions summing to one. Achiev-
ing this combination of properties is the central challenge in remap methods. The proposed approach
is well-suited for ALE frameworks capable of performing significant purely Lagrangian displacements
between consecutive remesh/remap steps. Our discretization is based on high-order finite elements [1].
Given the initial and optimized meshes, we begin by performing a direct interpolation in physical space,
bypassing the concept of PDE-based pseudotime advection. This approach is computationally feasible
due to recent advancements in parallel, GPU-capable interpolation routines provided by the GSLIB li-
brary [2]. The resulting interpolation ensures bounded fields with minimal diffusion but violates conser-
vation. To restore conservation while preserving physical bounds, we employ two alternative optimization
techniques. The first leverages interior point methods implemented via the HiOp optimization library [4].
The second technique builds on the recent research on Proximal Galerkin Methods [3], performing opti-
mization in a latent space that inherently avoids the need for explicit bounds constraints.

The proposed method produces minimal diffusion for finite element fields of arbitrary order and enables
the direct remapping of quantities defined at integration points, eliminating the need to project onto finite
element spaces. It circumvents challenges typically associated with synchronization between primal vari-
ables and conserved quantities in advection-based remap methods. We show results on standard 2D and
3D remap benchmarks and full multi-material ALE hydrodynamics simulations.

REMAP FORMULATION

For n materials, we evolve volume fractions {n;}?, densities {p,}?, specific internal energies {e;}", and
a common material velocity v. Starting from an initial mesh 92 with fields (nk , p,?,e,?, W), and an optimized
mesh Q, we first perform an interpolation in physical space to obtain the interpolated fields (n;, p;, ez, v").

Our optimization problem finds the solution (1, Pk, ex,v) by solving:
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where the index i goes over all degrees of freedom of the corresponding field. Note that the interpolated solution
(i, pg €5, V") satisfies all inequality constraints and (10), but not the conservation constraints.

Figure 1 illustrates an example of material-specific density remap, showing the density distribution of one
material in the Triple Point benchmark.

FIGURE 1: Remap of material-specific density in a three-material problem: initial mesh and field (left),
optimized mesh and remapped field (right).

This work performed under the auspices of the U.S. Department of Energy by Lawrence Livermore National
Laboratory under Contract DE-AC52-07NA27344 (LLNL-ABS-2002031).
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In this work we introduce a high-order implicit-explicit (IMEX) invariant-domain preserving (IDP)
approximation of the nonequilibrium gray radiation-hydrodynamics equations within an Arbitrary
Lagrangian—Eulerian (ALE) framework. Building on the first-order IDP method and the novel three-
stage operator split (two hyperbolic, one parabolic) introduced in [1], we construct a method that is at
least second-order accurate in both space and time. The explicit hyperbolic stages are advanced using a
high-order Runge—Kutta scheme within a direct ALE formulation that allows for an arbitrary mesh ve-
locity field. The parabolic stage, which accounts for radiation diffusion and the stiff radiation—matter
energy exchange, is treated implicitly with high-order time stepping. The invariant-domain preserving
property of the high-order method is enforced using a locally conservative mass redistribution limiting
technique that is non-intrusive and discretization agnostic. The proposed method is proved to be con-
servative, consistent, and invariant-domain preserving. The performance of the method is illustrated on
several benchmark problems.
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ABSTRACT

We present a high-order numerical method for solving conservation laws that allows the computational
mesh to move freely (direct Arbitrary Lagrangian—Eulerian, or dALE, approach). The method is designed
to work with a wide range of flux functions, source terms, and equations of state, making it suitable
for complex physical problems and geometries. We use the Multidimensional Optimal Order Detection
(MOOD) method [2], which reduces computational cost and actively eliminates a class of numerical
artifacts. All computations rely only on local information from each cell or node and a small, fixed
number of neighbouring elements. This locality makes the method efficient and well suited for parallel
computing on large distributed memory systems. Overall, the proposed approach combines flexibility,
accuracy, and scalability for solving conservation equations in challenging applications.

INTRODUCTION

Most computational fluid dynamics (CFD) methods use either a fixed mesh (Eulerian) or a mesh that moves
with the flow (Lagrangian). Arbitrary Lagrangian Eulerian (ALE) methods aim to combine the advantages
of both by allowing the mesh to move in an arbitrary, user-prescribed manner. This is done either by using
a Lagrangian scheme and then performing a remap onto a new, higher-quality mesh (indirect-ALE), or by
incorporating mesh relaxation directly in the scheme (direct-ALE). We focus on the latter approach because it
provides a natural way of handling moving boundary conditions.

ALGORITHM
Discretisation

The method has been implemented in the open-source 2D/3D CFD code UCNS3D [4], which employs
unstructured, collocated grids. High-order spatial accuracy is achieved through classic (C)YWENO non-linear
polynomial reconstruction on fixed stencils of neighbouring cells. All mesh motion is included directly in
single update step by modifying the fluxes to account for arbitrary face velocity. For temporal discretisation
we adopt explicit strong-stability preserving (SSP) Runge-Kutta method. Compared to ADER-based approach
[1] this choice simplifies incorporating additional fluxes (e.g. viscosity), source terms (e.g. reactive flows),
or different equations of states (including tabulated) easier, since no local space—time predictor problem must
be solved. Moreover, it allows nodes to follow more complex trajectories within a time step, which improves
following the shape of curved boundaries, and in the future may simplify handling connectivity changes by
avoiding space-time slivers.

MOOD

In addition to the classical CWENO polynomial reconstruction, we investigate the Multidimensional Opti-
mal Order Detection (MOOD) method [2] and WENO-MOOD hybrid approaches, which enhance the robust-
ness of the simulation and reduce the computational cost, by reducing the number of stencils and polynomials
that need to be constructed. We evaluate a novel MOOD trigger algorithm based on entropy production, which
can reliably flag numerical pathologies and physical discontinuities within a single evaluation.

)
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Mesh relaxation

Mesh relaxation is incorporated directly into nodes’ velocities. The aim is to maximise accuracy in key
regions by following the material flow as closely as possible and to allow the relaxation to be higher elsewhere

to improve the overall mesh quality. _
x(elaxed _ x{agr angian

Viode = VEulerian T 1 : dll re [07 1]

Approximating Voronoi meshes

We consider using Voronoi tessellation for mesh relaxation. In their standard form, Voronoi-based methods
require connectivity updates, and the position of each node depends on an unpredictable number of generator
points. This leads to significant computational overhead and is incompatible with our objective of designing
a fully local algorithm. To address this, we propose an approximation strategy that reproduces key geometric
properties of Voronoi nodes while relying solely on strictly local information.

Jacobi matrix based optimisation

The second approach relies on indicators derived from the properties of the Jacobian matrix, such as the
condition number or the Oddy’s metric, to assess mesh quality and perform iterative local optimsation [3]. We
modify the Newton iteration to be capable of robustly handling ill-conditioned mesh configurations.

Modulating mesh relaxation based on normalised density gradient

We vary the mesh-relaxation coefficient based on physical relevance of the region quantified using the nor-
malised density or volume-fraction gradient, which serve as indicators of shock waves and material interfaces,
and the local mesh quality evaluated using the selected Jacobian-based mesh quality metric. In our initial tests,
the relaxation coefficient r is computed using a simple piecewise-linear function of these two quantities.

PRELIMINARY RESULTS

| a8 |

(a) density - fixed mesh method (b) shared initial mesh

(c) density gradient - moving mesh method (d) final mesh for moving mesh method

Results for Double Mach Reflection test obtained with the reference Eulerian method and our ALE.
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A SINGLE-MESH MULTI-VELOCITY FORMULATION FOR CONTACT AND
SLIDING IN ARBITRARY LAGRANGIAN EULERIAN HYDRODYNAMICS

Nathan Vaughn-Kukura?®*, Mikhail Shashkov?

4 X Computational Physics, Los Alamos National Laboratory

INTRODUCTION

Staggered-grid hydrodynamics (SGH) is widely used for Lagrangian simulations of solid dynamics and
high-strain-rate phenomena. In the standard SGH formulation, mesh motion is governed by a single nodal
velocity that determines the kinematic evolution of the computational mesh. When multiple materials share a
node, this formulation enforces velocity continuity across material interfaces. While appropriate for bonded
materials, this constraint prevents sliding between contacting solids and limits the ability of SGH to represent
contact and slip.

Existing approaches introduce slidelines or multi-mesh discretizations to enable relative motion across in-
terfaces. Although effective, these techniques require conformal mesh interfaces and complicate coupling with
multiphysics models that assume a single mesh discretization.

In this work we develop a single-mesh multi-velocity extension of SGH that enables sliding and contact
while preserving the standard mesh structure and geometric remap infrastructure.

MULTI-VELOCITY FORMULATION

In the classical SGH formulation, mesh motion is governed by a single nodal velocity v. When multiple
materials share a node, this velocity determines the motion of all materials locally, enforcing velocity continuity
across material interfaces and preventing sliding.

The multi-velocity formulation relaxes this constraint by allowing each material m to evolve its own material
velocity v(") while the mesh continues to move with the SGH nodal velocity v. The relative motion between
material and mesh is characterized by the slip velocity

ul™ =y _y, (€))

This slip velocity represents motion of material relative to the moving mesh and provides a mechanism for
sliding along material interfaces while retaining a single geometric mesh.

At the algorithmic level, the Lagrangian step evolves material-specific nodal velocities using material mass
and stress contributions while the mesh continues to move with the SGH nodal velocity. Relative motion
between material and mesh is incorporated during the remap stage through additional transport driven by the
slip velocity.

DEMONSTRATION

The following demonstration shows a simulation of two materials, a circle embedded in a ring. The inner
circle is given an initial rotational velocity, the outer ring is stationary. SGH treats the materials as bonded,
while the multi-velocity scheme can treat them as unbonded and allow them to slide relative to one another.
The figures below show the velocity field and the stress field demonstrating the ability of the method to maintain
tangential velocity discontinuities and alleviate SGH’s artificial shear stresses.

*Correspondence to njvaughn@lanl.gov
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(c) Late time velocity.

FIGURE 1: Comparison of SGH to the multi-velocity scheme for a simulation of an embedded rotating circle.
The inner material has an initial rotational velocity, the outer material is stationary. In each figure, the left
column shows standard SGH, the right shows multi-velocity. The top row shows the radial velocity field, the
bottom shows the rotational velocity. By construction, the multi-velocity scheme respects SGH in the normal
direction (radial), while maintaining a velocity discontinuity in the tangential direction (rotational), unlike SGH.

FIGURE 2: The stress fields for the SGH and multi-velocity case show the significant stress on the materials
in the SGH case due to the artificial “bonding.” This large stress is alleviated by the multi-velocity method.
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ENTROPY CONSERVATIVE/DISSIPATIVE MONOLITHIC SCHEME

Francois VILAR #*,
2 IMAG, Université de Montpellier, France

In this talk, based on our previous work [1], as well as the the technique devlopped by R. Abgrall in [2],
we present an entropy conservative/dissipative positivity-preserving subcell monolithic DG/FV scheme

This talk aims at presenting an entropy conservative/dissipative and convex property preserving subcell
monolithic DG/FV scheme, solving system of conservation laws on 2D unstructured grids. This is known that
discontinuous Galerkin (DG) method needs some sort of nonlinear limiting to avoid spurious oscillations or
nonlinear instabilities which may lead to the crash of the code. The main idea motivating the present work is
to improve the robustness of DG schemes, as well as ensuring a conservative/dissipative behavior, while pre-
serving as much as possible its high accuracy and very precise subcell resolution. To do so, a convex blending
of high-order DG entropy conservative and fist-order finite volume (FV) scheme will be locally performed at
the subcell scale where it is needed. To this end, by means of the theory developed in [1], we first show that
it is possible to rewrite entropy conservative DG scheme as a subcell FV scheme on a subgrid provided with
some specific numerical fluxes referred to as DG reconstructed fluxes. Then, the monolithic DG/FV scheme
will be defined as following: to each face of each subcell will be assigned two fluxes, a 1st-order FV one and
a high-order reconstructed one, that will be in the end blended in a convex way. The goal is now to determine,
through analysis, optimal blending coefficients to achieve the desire properties. Let us emphasize the entropy
conservative DG scheme, which is latter reformulated as a subgrid FV scheme, is obtained by adapting the
entropic correction, introduced by R. Abgrall in [2], to the frame of subcell reconstructed fluxes technique. Nu-
merical results on various type problems will be presented to assess the very good performance of the design
method.

REFERENCES

[1] E Vilar. “Local subcell monolithic DG/FV convex property preserving scheme on unstructured grids and
entropy consideration”. J. Comp. Phys., 521:113535, 2025.
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A MULTIMATERIAL MODEL TO SIMULATE AIRCRAFT IN-
FLIGHT ICE ACCRETION

M. Blanchet®*, P. Villedieu®f, E. Laurendeau® G. Blanchard®

2 ONERA /DMPE, Université de Toulouse, Toulouse, 31055, France.
b Polytechnique Montréal, Montréal, H3T 0A3, Québec, Canada.

ABSTRACT

The objective of this article is to propose a new methodology for calculating ice accretion, based on
a multimaterial phase-field model rather than on an iterative coupling (with successive remeshing)
between a two-phase flow model to calculate the air flow and the droplet impact rate, and a surface
solver to calculate the local ice growth rate on the surface of the solid body. Specifically, instead
of treating the ice thickness h at each point on the surface as an unknown, we treat the volume
fraction of ice g at each point in the space outside the solid body. This requires solving a
system of coupled equations whose unknowns are the volume fraction of liquid a; (corresponding
to water droplets) and the volume fraction of ice a. It is not necessary to explicitly reconstruct
the accretion front. It is automatically captured as the region where ag changes from 0 to 1.
Consequently, remeshing at regular intervals is not necessary, and the conservation of the total
water mass is guaranteed by the model’s construction.

INTRODUCTION

Ice accretion represents a critical concern across multiple engineering domains. Under specific me-
teorological conditions, super-cooled water droplets can impinge on exposed surfaces, and then freeze
upon impact or run-back and solidify downstream. In aerospace applications, in-flight ice accumulation
on aircraft components must be carefully considered throughout the design cycle to ensure performance
and safety.

The ice accretion process is typically simulated using a multistep workflow [3, 4, 5]. First, a steady-
state flow-field is computed around the geometry to get the aerodynamic conditions. Next, the droplet
field is solved using either a Lagrangian approach, where individual droplets are tracked, or an Eu-
lerian approach, which treats the droplets as a continuous phase. Once the droplet field is obtained,
the surface values are computed using the local droplet impingement mass flux, the convective heat
flux, and solving mass and energy balance equations. The solution of these equations provides the
local ice growth rates on the surface, which are used to update the surface geometry by displacing the
surface nodes to account for ice accretion. The procedure can be repeated iteratively in a semi-coupled

*Correspondence to maxime.blanchet@etud.polymtl.ca
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manner, allowing the flow-field to adjust to the evolving ice shape and enabling the simulation of ice
accumulation by layers.

To summarize, all approaches that are currently used in industrial numerical tools for simulating
ice accretion on a surface in the presence of a flow rely on an iterative coupling between volume-based
solvers to compute the air flow and the droplet trajectories, and a surface-based solver to compute the
local ice growth rate. The main limitations of these approaches are, on the one hand, the computa-
tional cost and complexity of the remeshing procedure (which can potentially be circumvented using
Immersed Boundary Methods (IBM)) and, on the other hand, the risk of mass non-conservation when
complex ice shapes are reconstructed from local growth rates, leading to significant numerical errors.

The objective of the method proposed in this paper is to circumvent these two difficulties by mod-
elling ice accretion with a volumetric solver rather than a surface-based solver. Concretely, instead of
considering the ice thickness h at each point on the surface as an unknown, we consider the ice volume
fraction ag at every point in space outside the solid body. This requires solving a coupled system of
equations - a multimaterial model - with unknowns being the liquid volume fraction ag (corresponding
to water droplets) and the ice volume fraction as. It is not necessary to explicitly reconstruct the ac-
cretion front. It is automatically captured as the region where oy changes from 0 to 1. Consequently,
remeshing at regular intervals is not necessary, and the conservation of the total water mass is guar-
anteed by the model’s construction. The method still has certain limitations, which will be discussed
during the conference. In particular, it currently only applies to cases where droplets freeze on impact,
i.e. rime conditions. Nevertheless, based on the work currently underway, we are confident that these
limitations can be overcome in the near future.

MODEL FORMULATION

In this paper, our aim is not to address the problem of ice accretion simulation in its full generality.
We have therefore made simplifying assumptions that can be abandoned at a later stage. In particu-
lar, the droplet velocity field is not updated. Only the droplet density field changes, as it necessarily
changes in regions where ice forms (through the capture of droplets by ice deposits and the creation of
shadow zones downstream of the deposits). In future work, the air and droplet velocity fields will be
updated consistently, using a penalization approach based on the ice volume fraction for the airflow
and by solving the droplet momentum equation. In the present model, the droplet velocity field is
prescribed through a known velocity field u (that is simply pre-computed around the clean geometry).
The second important simplifying assumption is to assume that all droplets freeze upon impact, with-
out any water-film runoff, thereby forming rime ice. In addition, for simplicity, the densities of liquid
water p; and solid ice ps are considered constant.

Let us denote by ay, repectively ay, the liquid volume fraction (droplets), respectively the solid
Q
L the droplet bulk volume fraction (that is, the ratio of the

volume fraction (ice), and by ag = 1

volume of the droplets contained in a give; volume to the sum of the volume of the air and the volume
of the droplets). Assuming that agy < 1 (which is not a restrictive assumption in practice) and the
ice being supposed at rest with respect to the reference frame, it can be shown [6] that the mass
conservation for both droplets and ice leads to the following system of equations :

O(pay) + V - (ypju) = —pragmax(u - Vag, 0) (1)
O(psas) = pragmax(u - Vag, 0) (2)

Since the masses of the liquid and solid phases are not conserved, it is not surprizing that each
equation contains a non-conservative term that corresponds to the mass accretion rate. But of course
if we sum the two equations, we get the conservation equation :

I(aa(l — as)pr + asps) + V- (aa(l — as)pru) =0 (3)
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which expresses the conservation of total water mass. It is worth mentionning that, since oy is expected
to be continuous across the accretion front, the non-conservative product in the r.h.s. of equation (1)
and (2) is mathematically well-defined even if «; is a discontinuous function (sharp interface limit).

Let us now examine the hyperbolicity of the system (1)-(2) and without loss of generality let us
restrict our attention to the domains where u - Vag > 0 (the other domains corresponding to the
shadow areas where the system (1)-(2) is trivial). In such domain, the system (1)-(2) is equivalent (as
far as smooth solutions are concerned) to the following one:

ooy +u-Vo+agqu-Vas=—oqV -u (4)
Ororg — ﬁozdu -Vas=0 (5)

S

This clearly shows that the system (1)-(2) is a first order hyperbolic system of partial differential equa-
tions with two distinct eignevalues (in 1d) : Ay = w and A = —ﬂadu, A1 corresponding to the droplet

S
velocity and Ay corresponding to the accretion front velocity. This is a stiff system since [A1| > |Aq|
because ag < 1.

Finally, in a cloud of supercooled droplets, not all droplets are generally the same size. To account
for the distribution of droplet sizes, the overall spectrum is discretized into a set of diameter bins,
where each bin corresponds to a fraction of the total Liquid Water Content (LWC). For each bin, an
independent droplet velocity field, u;, can be pre-computed and (1) can be splitted into a separate
transport equation for each droplet class in the distribution. The resulting system of equations to be
solved is :

Oy, + V- (aur) = —ag, max (u; - Vag, 0) (6)
Oy, + V- (au2) = —ag, max (ug - Vag, 0)
Oy, + V- (yun) = —ag, max (uy - Vag, 0)
)
Orag = —ladi max(u; - Vag, 0 7
\ ;ps ( ) (7)

NUMERICAL METHOD

The system (1)-(2) was discretized in 2D and 3D using a finite volume method on unstructured
grids. Details of the numerical method will be presented at the conference. Particular attention was
paid to the time discretization scheme due to the stiffness of the system, as well as to the accuracy of
the scheme in order to avoid numerical diffusion of the accretion front.

RESULT EXAMPLES

Figure 1 illustrates the effect of the scheme’s spatial order and the choice of slope limiter on the
numerical diffusion of the accretion front. As can be seen, using a second-order scheme and a com-
pressible slope limiter yields a very sharp interface, spread over only two rows of cells.

Figure 2 corresponds to the case 241 from the First Ice Prediction Workshop [2]. This configuration
was generally well predicted by the workshop participants, providing a reliable benchmark for com-
parison. The phase field model captures very well the experimental ice shape profile (defined as the
maximum envelope of the ice shape obtained by combining multiple parallel cross-section normal to
the wing leading edge) and closely matches the ten-layer and 200 sub-iterations surface deformation
method solutions.
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The last case is a three-dimensional test case that corresponds to the mid-span rime accretion case
from the Second Ice Prediction Workshop [1]. Figure 3 depicts three-dimensional views of the ice shape
by blanking regions where oy = 0. The ice-accretion subdomain is localized around the center of the
half-wing, where the experimental measurements were extracted. The mesh resolution is high, with
198,352 cells representing the accreted ice. The full computational mesh contains 8,376,214 cells and
required 4.5 h to compute for the seven-bin droplet size distribution. Each time increment was 1.04 s,
corresponding to a CFL number of 300,000 based on the droplet velocity, for a total of 1,675 iterations.
The simulation was performed on a single node equipped with 192 cores (2 x AMD EPYC 9655, Zen
5@ 2.6 GHz).
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Figure 1: Influence of the choice of the limiter on the numerical diffusion of the accretion front
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LAGRANGIAN HYDRODYNAMIC KINETIC CONTACT BASED IN
NEWTON’S SECOND LAW

G. Whetstone ®*, G. Morris®, J. Moore®, N. Morgan®

4 Los Alamos National Laboratory - 87545 New Mexico, United States
b Mississippi State University - 39762 Mississippi, United States.

ABSTRACT

We present a novel approach to contact mechanics in Lagrangian hydrodynamics based on kinematic par-
ticle pathing within the finite element space, with acceleration expressed through an expression derived
from Newton’s Second Law. The results shown use linear hexahedral elements; however, the formulation
is agnostic to element order, allowing future extension to arbitrary-order elements undergoing contact.
We include both qualitative and quantitative demonstrations: qualitative examples highlight contact pair-
ing and resolution in scenarios such as multi-body interactions, while quantitative validation is provided
through a Taylor anvil impact comparison against experimental data.

INTRODUCTION

Accurately simulating material behavior under large deformations and contact is critical to diverse applica-
tions but challenging. In developing a robust, scalable contact surface method, this research effort enhances
simulation accuracy, speed, and robustness. These advancements enable using high-fidelity multi-scale mate-
rial models—including microstructure-aware models—in simulations for moderately large deformation appli-
cations. As such, this research project is vital for the advancement of Lagrangian Hydrodynamic capabilities
with contact.

BACKGROUND AND STATEMENT OF THE PROBLEM

In engineered systems subjected to impact events or shocks, materials commonly undergo large deforma-
tions, high strain rates, and complex multi-component interactions involving sliding, separation, and collision.
Traditionally, Lagrangian methods are the workhorse for solid dynamics simulations because they track the ma-
terial with a mesh, enabling natural representation of history-dependent material models and clear resolution
of material interfaces. However, applying traditional Lagrangian finite element methods in demanding envi-
ronments exposes fundamental numerical and computational challenges that limit robustness, accuracy, and
scalability. The limitations of contact are discussed below here, and finding solutions to these problems aids in
the advancement of Lagrangian Hydrodynamics.

*Correspondence to gwhetstone @lanl.gov
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Challenges Arise in Handling Contact

Engineered systems typically consist of multiple components that may slide, separate, or collide. Enforcing
non-penetration while conserving momentum and energy requires robust contact algorithms. Contact intro-
duces discontinuities in velocity and stress fields that can destabilize solvers, and the search for interacting
surfaces across thousands or millions of elements poses severe scalability challenges in large problems. The
challenge grows when multiple bodies come into contact. Advanced contact algorithms are needed to man-
age mesh-to-mesh interactions among numerous components, enhancing both the accuracy and robustness of
simulations.

RESULTS

Three test cases are shown. The first is a comparison to experimental data that shows strong agreement with
reality. The initial diameter of each rod was 1.91 cm and the initial length was 7.51 cm. The experimentally
observed final diameter was 2.36 cm and the simulation predicted 2.38 cm. The experimentally observed final
length was 7.03 cm and the simulation predicted 7.059 cm. The next two test cases are qualitative stress testing
of the algorithm dealing with complex geometries, a bunny and a teapot followed by spheres.

FIGURE 1: Taylor Anvil Impact with 2 copper rods colliding at 0.0083 cm/microsecond. The final diameter
and length of the bar is within 0.03 cm of experimental data.

FIGURE 2: A complex geometry test case of a teapot hitting the Stanford bunny.

FIGURE 3: Elastic billiards balls with simultaneous impacts on the same body.
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INFORMATION GEOMETRIC REGULARIZATION: HIGH-ORDER
LAGRANGIAN SHOCK HYDRODYNAMICS WITHOUT VISCOSITY

D. Winters?, B. Eyob®, Q. Tang®, F. Schaefer®
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b Department of CSE, Georgia Institute of Technology - Atlanta, United States.
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The compressible Euler equations develop nonsmooth solutions in the form of shocks in virtually all
smooth initial conditions. Existing remedies, such as artificial viscosity or limiters, can smear fine-scale
structures if too much is added or fail to prevent spurious oscillations if too little is added. The recently
proposed Information-Geometric Regularization (IGR, [1]) overcomes this problem by introducing the
first inviscid shock regularization. Applied to Eulerian CFD, it has recently enabled the first compressible
fluid simulation to exceed a quadrillion degrees of freedom [2].

This work extends IGR to Lagrangian fluid dynamics with shocks. The accumulation of mesh points
towards shock fronts coupled and the use of an adaptive IGR that shrinks with an element’s size allows
for sharper shock resolution than in the Eulerian case. We integrate the IGR into Laghos, an MFEM-based
high-order Lagrangian discretization of compressible shock hydrodynamics equations using curvilinear
finite elements. We show that IGR is able to prevent singular shocks from forming without adding artificial
viscosity, enabling the use of high-order discretizations of shock-laden flows in the Laghos framework.
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SIMPLEX SOLVER FOR LAGRANGIAN HYDRODYNAMICS

X.-H. Xu®*, M. Xiao®

4 Institute of Applied Physics and Computational Mathematics, Beijing, China.
b College of Science, China University of Petroleum, Beijing, China

ABSTRACT

Over the past seven decades, Lagrangian staggered-grid hydrodynamics (SGH) and cell-centered hydro-
dynamics (CCH) have emerged as two dominant paradigms for solving the compressible Euler equations.
Although both approaches are formally derived from the same continuum conservation laws, they differ
fundamentally in their discretization strategies and numerical behavior: SGH schemes typically rely on
artificial viscosity to capture shocks and dissipate kinetic energy, whereas CCH methods employ Rie-
mann solvers at cell interfaces to convert kinetic energy into internal energy. This talk introduces a novel
simplex solver that unifies the treatment of Lagrangian hydrodynamics on both primary and dual meshes.
The formulation is rigorously constrained by Newton’s three laws of motion, ensuring conservation of
mass, momentum, and total energy. Moreover, the discretization satisfies thermodynamic compatibility.
The simplex solver requires no empirical parameters, exhibits strong universality, and can be naturally
extended to arbitrary 2D polygonal or 3D polyhedral meshes, providing a reliable numerical framework
for multiphysics simulations involving complex geometries.

Keywords: taggered-grid hydrodynamics, cell-centered hydrodynamics, artificial viscosity, Riemann
solver.
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BRIDGING FINITE DIFFERENCES AND NEURAL NETWORKS: A VARIA-
TIONAL FRAMEWORK WITH RIGOROUS ERROR ESTIMATES

D. Cotrim*, J. A. Ferreira, G. Pena
University of Coimbra, CMUC, Department of Mathematics, FCTUC, Largo D. Dinis, 3000-143 Coimbra, Portugal

ABSTRACT

Physics-informed neural networks (PINNs) are an emerging approach to approximate PDEs solutions.
However, the theoretical study of error estimates remains underdeveloped; see [2,3]. Classical PINNs use
the strong form of the PDE, namely its residual and boundary conditions/initial data, as the loss function.
Hence, the training process for said classical PINNs requires the derivatives present on the PDE operator,
typically calculated using Automatic Differentiation (AD), which comes at a substantial cost.

Instead of training the Neural Network (NN) to approximate the classical pointwise residual (classical
PINN) or a continuous variational formulation (vVPINN), we train it to minimize a discrete energy func-
tional of a finite difference/finite element discretization. This avoids computing the derivatives of the
PDE through back-propagation and circumvents Monte Carlo integration. Therefore, we propose a gen-
eral framework for these discrete variational PINNs (dvPINN) and, assuming the underlying bilinear form
is symmetric, coercive and continuous, we prove an error estimate that depends on: (i) the optimization
error, (ii) the NN approximation error and (iii) the FDM/FEM classical approximation error.

As a proof of concept, we apply the abstract framework to the one-dimensional Poisson problem, with
different types of boundary conditions (Dirichlet, Neumann and Robin). In the Dirichlet case, we cover
both the strong imposition as well as a weak enforcement of the boundary data through a Nitsche/Ghost
penalty-type method. In all cases, we recover second-order convergence on a suitable discrete version of
the H' norm, matching the underlying FDM/FEM accuracy [1].

Using a suitable universal approximation theorem for tanh networks, we show that, for all problems, it
suffices a number of network parameters that is &'(h,..) to achieve the same accuracy as the underlying
numerical method.

We will illustrate the robustness of the approach through numerical experiments.
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NUMERICAL IMPLEMENTATION FOR PLASMA 3-T TEMPERATURE DIF-
FUSION IN MULTIMATERIAL SYSTEMS

William Dai *, Christopher Malone
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ABSTRACT

A numerical method is developed for three-dimensional time-dependent plasma 3-T temperature diffusion
in numerical simulations involving mixed cells. The focus of the development is on the formulation for
large time steps, the correct treatment of the discontinuity, the conservation of energy, and the nonlinear-
ity in the mathematical equations. The discontinuity in material diffusion coefficient is correctly treated
based on governing physics principles. For mixed cells, material interface reconstruct is applied. The
nonlinearity is exactly treated. Compared with existing interface-aware methods for plasma 3-T tempera-
ture diffusion, the proposed method and implementation are simpler. The correctness and features of the
method are demonstrated through numerical examples.

Solving plasma 3-T radiation diffusion equations is often a critical step in numerical simulations of multi-
physics. Many of these simulations involve mixed cells. Within a mixed cell there are more than one
material. The existence of mixed cells is due to either initial distribution of material or other physics
packages, such as hydrodynamics and advection.

For plasma 3-T diffusion equations to resolve the sub-cell structure within mixed cells is important for
many problems. The importance is due to three facts. First, materials within a mixed cells are not
necessarily in thermal equilibrium with each other. The use of a single value for temperature within a
mixed cell is inappropriate. Second, for real physics and engineering problems, tables for equation of
state (EOS) are unavailable for a mixture of materials. An averaging procedure of EOS tables cannot
describe the mixture well. Third, an operator-splitting technique is used in many multi-physics codes,
in which the results of temperature are used as inputs of a subsequent physics package. A subsequent
physics could be temperature-sensitive, i.e., the result of subsequent physics could sensitively depend
on temperature of each material in mixed cells. If temperatures and material properties within a mixed
cell are homogenized through some weighted average, after the homogenized temperature is updated
through plasma 3-T radiation diffusion equations there is no physics principle available to separate the
temperatures of different materials.

To resolve the sub-cell structure, a mixed cell is decomposed to a set of sub-cells through material inter-
face reconstruction. The sub-cells generated through the reconstruction are general polyhedrons in three
dimensions. Therefore, the approach proposed and implemented here is for general polyhedral meshes.
The coupling between radiation and electron temperatures is nonlinear. The treatment of the nonlinearity
in complete nonlinear in this method and implementation, and no approximation is made for this.
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A ROBUST APPROACH FOR INTERFACE RECONSTRUCTION IN THREE
DIMENSIONS AND ITS APPLICATIONS

William Dai *
X-Computational Physics Division, Los Alamos National Laboratory, Los Alamos, NM 87545, USA.

To resolve subcell structure, material interface reconstruction is often used in numerical simulations with
multi-material. We present an approach to approximately reconstruct the interfaces between materials
within arbitrary polyhedrons in three dimensions. The approach is simple, accurate, and robust, which
includes the orientation and location of each interface. The number of materials in the problem could be
more than two. The approach is applicable to both structured and unstructured meshes. The approach
could be used in numerical simulations for, such as, hydrodynamics, adaptive mesh refinement, thermal
and radiation diffusion, and diffusion of magnetic field. The numerical examples are presented to show
the feature of the approach in the applications.

The key step in the material interface reconstruction is to determine the equation of the interface between
materials with a mixed cell, in which the normal direction of the interface is first calculated. After that,
the plane constant is calculated obtained in a rotated coordinate system in which the z-coordinate is along
the normal direction of the interface. We then order the vertices of the polyhedron in the order of their z-
coordinates. Finally, for a given volume of the target material within the mixed cell, we find two bounding
vertices of the polyhedron, and through bisecting or Newton iteration to find the final the location of the
interface.

This approach works for multi-material simulations with nixed cells of more than two-materials and works
for the polyhedrons with non-planar faces.

*Correspondence to dai@lanl.gov
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SYNCHRONISED NUMERICAL METHODS

A. S. Dawes?®*
4 AWE, Berkshire, RG7 4PR, UK

Discretising partial differential equations can produce numerical errors, and in particular symmetry er-
rors. Symmetry can be fitted into the numerical method [4] based on three approaches. The first is to
align the mesh with the underlying symmetry and adapt the numerical method accordingly [1, 8]. A sec-
ond approach is to use the natural coordinate frame and to use a coordinate transformation from physical
to computational space. For this type of strategy, the symmetry is contained within the Jacobian for the
transformation and is embedded in a Geometric Conservation Law [9]. Finally, a third approach is to mod-
ify the numerical method to reduce the asymmetric errors, inherent within the truncation terms, by using
more information from the wider computational mesh stencil [7]. Partial differential equations remain
unchanged when certain transformations are performed; these symmetries leave the equations invariant
after a given transformation. Lie group theory has been shown to be a general way of determining these
symmetries and has been used to find analytic solutions to many partial differential equations, such as the
hydrodynamic related equations [3]. However, in general the discretised equations do not preserve these
symmetries, unless specifically constructed [2,5]. By extending Lie groups to the discrete system [6] we
develop governing principles of SYNChronised numerical methods; SYmmetries of the partial differen-
tial equations are Numerically Captured. By introducing the concept of numerical symmetry breaking,
we will show why some numerical techniques are more suitable than others for a given application.
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ARBITRARY ORDER SUB-CYCLING STRATEGY APPLIED TO FINITE-
VOLUME UPDATED-LAGRANGIAN SECOND ORDER METHOD FOR
FLUID-STRUCTURE INTERACTION

Teddy Chantrait®?, Nicolas Chevaugeon® Alexandre Gangloff®*, Emmanuel Labourasse P

2 CEA DAM DIF, F-91297 Arpajon, France.
b Laboratoire en Informatique Haute Performance pour le Calcul et la Simulation (LIHPC) Université Paris-Saclay,
CEA DAM DIF, F-91297 Arpajon, France.
“Institut de recherche en génie civil et mécanique (GeM) Nantes Université, CNRS UMR 6183, France

ABSTRACT

We propose a partitioned numerical framework for the simulation of fluid—structure interaction problems
in fast transient regimes, where strong compressibility effects and shock waves propagate across moving
interfaces and may penetrate the solid domain. The method is designed to combine arbitrary-order time in-
tegration, sub-cycling capabilities, and strict discrete conservation properties within a unified formulation.

The coupling strategy is formulated at the algebraic level as a saddle-point problem that enforces the
conservation of mass, momentum, and total energy at the fluid—structure interface [5]. Under standard
definiteness assumptions inherited from the underlying fluid [1, 3] and solid [2, 4] discretizations, the
resulting coupled system is well posed and admits a unique solution. This formulation also naturally
accommodates sliding interface conditions.

High-order temporal accuracy is achieved by enforcing the coupling conditions consistently at each
Runge—Kutta stage. Sub-cycling enables the fluid and solid solvers to evolve according to their respective
stability constraints, without resorting to temporal interpolation at the interface.

The present work focuses on second-order spatial accuracy, which is sufficient to assess the proposed
coupling and time-integration strategy and remains independent of the specific spatial discretization. A
series of numerical experiments in one, two, and three space dimensions demonstrates that the method
preserves the expected order of accuracy in time, maintains conservation up to machine precision, and
remains robust in shock-dominated configurations involving strong fluid—structure interactions.

Overall, these results establish a general and systematic framework for the construction of high-order,
conservative, partitioned fluid—structure interaction methods suited to fast dynamics and disparate time
scales.
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IMPLEMENTATION OF A HOT ELECTRON SOURCE TERM AND ELEC-
TRON CASCADE MODEL TOWARDS SIMULATING LASER-PLASMAS
RELEVANT TO INERTIAL CONFINEMENT FUSION

K. H. Ma?*, D. S. Lyon?, R. S. Lester?, L. M. Kleetdke?, B. M. Haines?,
4 Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA.

We present a nonlocal heat transport source term and energy cascade algorithm, implemented into the ra-
diation hydrodynamics code xRAGE[1, 2], to consider the effect of suprathermal—i.e. “hot”— electrons
on heat transport in material conditions relevant to inertial confinement fusion (ICF). These hot electrons
are typically generated via parametric instabilities from laser-plasma interactions that preferentially ac-
celerate electrons to high velocities (energies). Both the hot electron source term and energy cascade
algorithm are integrated into the multigroup diffusion, nonlocal heat transport convolution “SNB” model
first proposed by Schurtz, Nicolai, and Busquet[3]. The hot electron source term models far-reaching pre-
heat effects, while the cascade algorithm modifies the hot electron heat transport in a manner consistent
with a continuous slowing down approximation. The details of the implementation will be described in
this work. In addition, we will show comparisons of simulations with experiment[4], for assessing and
benchmarking the model.

Recent progress in inertial confinement fusion experiments demonstrate significant fusion yields that exhibit
promise for commercial fusion energy and other scientific applications. But a longstanding challenge in the field
of high-energy-density physics is the development of a predictive simulation framework, as these experiments
are complex multi-physics systems. One difficulty emerges from laser-plasma-interactions (LPI) at the fusion-
relevant laser intensities that can generate hot electrons, which transports heat far from the laser-plasma and can
cause deleterious preheating. These hot electrons are generated by LPI such as Stimulated Raman Scattering
or Two-Plasmon Decay that decay the light wave into one or two electron-plasma waves which excite electrons
to high energies.

In plasmas, where collisions between particles are dominated by Coulombic interactions, thermal heat con-
duction via electrons scales as K, o< Tes/ 2, where T, is the plasma (electron) temperature. The thermal con-
ductivity exhibits a much stronger temperature dependency here than in neutral gases, where K o< T'/2. In the
laboratory, ICF plasma conditions are typically progenated by high intensity lasers, coupling energy to matter
with absorption coefficient ks o< n2, where n, is the free electron particle density. This strong scaling of Ky,
with n, means that the laser energy deposition occurs over small spatial extents, leading to high temperatyges
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and strong temperature gradients. Thus, energy transport via electron heat conduction is very significant in
many ICF systems.

The validity of Fourier-type heat transport requires that the Knudsen number is small, or Kn = A,;/Ly < 1,
where the electron-ion mean free path 4,; is proportional to 7.2, and the temperature gradient scale length Ly =
|VT;€ |. This is frequently invalid in ICF conditions, where heat-carrying electrons propagate far beyond local
temperature gradients. Alternatively, Schurtz, Nicolai and Busquet proposed a multigroup diffusion convolution
approach to represent the nonlocal transport present at such conditions. The SNB model has been benchmarked
against kinetic calculations, and has been integrated into numerous radiation-hydrodynamic codes used for ICF
modeling, including xRAGE.

In this work, the SNB modeling framework is leveraged to model the heat transport effects from high
energy—aka hot—electrons via a hot electron source term and electron cascade. An example of these effects
in shown in Figure 1 which represents a temperature relaxation problem from a hot, low-density material
through a cold, high density material. The temperature relaxation with nonlocal (SNB) transport exhibits longer
spatial heating compared to the fourier type conduction, however the transport is attenuated by the cold, dense
material. In contrast, the hot electron source term enables substantial long range preheating. The details of the
implementation will be described in this talk, and we will present results in experimentally relevant conditions.
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FIGURE 1: Left: Temperature and density conditions for temperature relaxation test. The orange line (dimen-
sionless) indicates the hot electron source. Right: temperature profile after some time from fourier conduction,
nonlocal (SNB) conduction, and nonlocal heat conduction with the hot electron source.
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LAGRANGE-REMAP SCHEME FOR 3D IDEAL MHD EQUATIONS
IN A CARTESIAN AMR HYDROCODE

Bruno Després ab Romane Hélie ©*, Stéphane Jaouen ¢d and Pascal Loiseau®

4Sorbonne-Université, CNRS, Université de Paris, LJLL, F-75005 Paris, France
bMEGAVOLT, INRIA, Paris, France
°CEA, DAM, DIF, F-91297 Arpajon, France
4Université Paris-Saclay, CEA DAM DIF, LIHPC, F-91297 Arpajon, France

ABSTRACT

We present the high-order numerical scheme implemented in the cartesian AMR hydrocode HERA de-
veloped at CEA for 3D ideal MHD equations. Our method is based on the theoretical work published
by Després in [1]. The cornerstone of this method is a reformulation of the MHD system in which we
duplicate the magnetic field: one instance - that we denote B - is used for conservation purposes while the
other - denoted C - supports the involution equation. From a numerical point of view, B is cell-centered
while C is face-staggered and advanced separately in time. By doing so, we show that our 8-equation
MHD model is conservative and symmetrizable. This allows to design a first-order entropic multidimen-
sional Lagrangian scheme, based on a 7-wave Riemann solver which is an extension to ideal MHD of the
two-state acoustic Riemann solver of Godunov for hydrodynamics [2]. High-order is achieved - in the
limit of the linearized MHD equations - thanks to an extension to ideal MHD of the GAIA solver of Del
Pino et al. [3]. The high-order remapping step is similar to the one published in [4] for hydrodynamics.

We will also discuss the coarsening and refinement AMR steps and conclude by presenting numerical
results on standard test-cases in 2 and 3 dimensions.

REFERENCES

[1] B. Després. Numerical methods for Eulerian and Lagrangian conservation laws. Birkhéuser, 2017.

[2] S. K. Godunov. A finite difference method for the numerical computation of discontinuous solutions of the
equations of fluid dynamics. Math. Sb., 47:271-306, 1959.

[3] S. Del Pino and H. Jourdren. Arbitrary high-order schemes for the linear advection and wave equations:
application to hydrodynamics and aeroacoustics. Comptes Rendus. Mathématique, 342(6):441-446, 2006.

[4] E. Duboc, C. Enaux, S. Jaouen, H. Jourdren, and M. Wolff. High-order dimensionally split Lagrange-
remap schemes for compressible hydrodynamics. Comptes Rendus. Mathematique, 348(1):105-110, 2010.

*Correspondence to romane.helie @cea.fr

MULTIMAT

174 BIARRITZ



175



.BIAR

© 800 12th MULTIMAT conference, 7-11 September 2026

e

ADAPTIVE MESH REFINEMENT FOR COMPRESSIBLE MULTIMATERIAL
HYDRODYNAMICS SIMULATIONS USING A PERFORMANCE PORTABLE
IMPLEMENTATION
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Simulation, 91297 Arpajon, France.
¢ LISN UMR-9015, CNRS, Université Paris-Saclay, F-91405 Orsay, France.

Kalypsso (Kokkos Applicative LaYer for Parallel and Scalable Solvers on Octrees) is a new software
platform, recently introduced [!], implementing octree-based block-structured adaptive mesh refinement
(AMR) in a performance portable way. Kalypsso is capable of running efficiently large-scale compress-
ible hydrodynamics simulations on a cluster of multicore CPUs or a cluster of graphics processors (GPU),
using a single C++ code base, designed with the Kokkos library [2]. Mesh management in distributed
memory is implemented with the help of the p4est library, which provides MPI parallel CPU implementa-
tion of the forest of octrees AMR algorithms. All application data are allocated on the computing device,
either a CPU or a GPU, and managed directly by kalypsso. One of the key design choice of kalypsso
architecture is to use a lightweight hash table based (or dictionary) data structure for exchanging mesh ge-
ometry information between p4est, running on the host CPU, and the computational kernels executed on
the accelerated device. Using comparable hardware resources and considering a second order MUSCL-
Hancock solver for Euler equations with AMR activated, kalypsso demonstrates a consistent x5 speedup
for CPU to GPU time to solution. Figure 1 illustrates AMR capabilities on a air-helium shock bubble
interaction.

In the present work, we consider two different types of numerical schemes for solving compressible
multimaterial hydrodynamics on distributed adaptive meshes. The first one consists in extending the direct
approach, solving the so-called 5-equations model [3] with a second order MUSCL-Hancock method and
the HLLC Riemann solver. We also use the THINC (Tangent of Hyperbola for Interface Capturing)
method for material interface reconstruction in mixed cells [4, 5]. The second numerical scheme uses a
Lagrange-Remap approach [6] which is able to handle simulations with a large number of materials by
using a new sparse data structure for storing efficiently all material volumic fractions. We will present
performance measurements of both numerical schemes on high-end supercomputers.
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FIGURE 1: Numerical schlieren plots of the air-helium shock-bubble interaction at different times after the shock first hits the bubble: (a) 26, (b)
37, () 52, (d) 62, (e) 80, (f) 102, (g) 245, (h) 427, (i) 674 and (j) 983 ws; those times where chosen to allow direct comparison with experimental data
by Haas & Sturtevant (1987) and subsequent numerical works, e.g. Quirk & Karni (1996), Coralic & Colonius (2014), Terashima & Triggvason (2009),
Jolgam et al (2024) to name a few. For each snapshot, the upper half shows the numerical schlieren of density and the lower half displays the AMR
levels (Imin = 2 t0 Imax = 7). Block size is 82, AMR cycle run every 10 time steps. From (a) to (i), all images are drawn using the same frame; (j) was
recentered. Numerical scheme is MUSCL-Hancock. This figure is borrowed from [1].
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A HYBRID KINETIC-FLUID RELAXATION SCHEME FOR PARTICLE-FLUID
FLOWS

C. Khodr#*,
2 CEA, DAM/DIF, Aparjon Cedex F-91297, France.

ABSTRACT

We present a novel numerical method for the treatment of particle-fluid flows, in which a dispersed phase,
composed of mesoscopic particles, interacts with a continuous fluid phase. It is well known that the kinetic
description of such flows is very accurate in the dilute regime but suffers from robustness issues when
the volumic fraction of particles increases. It is therefore common, in practical simulations, to perform
a relaxation towards an eulerian two-phase mixture (typically a 4 or 5 equations model) when dense,
highly collisional regimes are reached. In this presentation, we derive such a model by doing a modal
decomposition of the volume density function (VDF) of the particles into a “kinetic” and an “eulerian”
mode, according to some physically sound criterion, and taking the hydrodynamic limit of the latter.
This gives rise to a coupled Vlasov-Euler system which contains a non-conservative mixing operator,
representing the flux of particles going from the kinetic to the fluid sub-space of the phase space. This
approach is related to so-called “hybrid” or “micro-macro” methods, which were initially developed in the
context of rarefied gas dynamics and plasma transport. Numerically, this involves coupling a Lagrangian
PIC solver with a finite-volume Euler solver through a relaxation scheme which aims at integrating the
mixing source terms and enforcing thermodynamic equilibrium. The method is analyzed and illustrated
on a test case : the interaction of a shock with a dense cloud of water particles, with addition of a simple
break-up kernel as a driver of mixing.

INTRODUCTION

In the present model, particles follow a well known Williams—Boltzmann kinetic equation [2], with no
collisions but with the addition of a break-up operator Q. In this context, the « equilibrium » VDF f(t,x, @) is
obtained by considering small velocity and thermal relaxation times 7; and Ty, so that the fluid-particle system
becomes a mixture at velocity-pressure-temperature equilibrium. The rationale behind the method is that the
kinetic description of the flow, which is computationally costly, is only suited for some of the particles in the
system, while the others can be treated as part of the continuum as soon as T = max(1y, Ty ) < Af.

DERIVATION OF THE NUMERICAL SCHEME

The derivation of the hybrid method starts by decomposing the particle VDF f into a kinetic mode f; and a
fluid (or Eulerian) mode f2, where f; = 1o, (@) f is a restriction of f on a sub-space ®; C @ of the phase spgce
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®. As aresult, we obtain a set of coupled Williams-Boltzmann equations

Ofi+u-Vii+Vy-(Ffi) = 0pi(f) +AiOn(f), On(f)=F -Vlg >0

where 4; = —A; = —1 and Q,, is the mixing operator, while the fluid carrier phase follows the standard inviscid
Euler equations. The final Vlasov—Euler (or Boltzmann—Euler) system of equations is obtained by considering
instantaneous (thermal and mechanical) relaxation of the f> mode towards the fluid quantites (f> — f5), so that
the relaxed particles and the fluid form a mixture treated by an effective EOS while the f; mode is treated by
the kinetic PIC model,

o 1
aU V F U :W ro W S M Y
WU +V-(F(U)) ydro -+ Wparts (1) + with M= [ m u Onde

8f1—|-u'vf1+vzp(Ff1):Qb,l(f)_Qm(f) @ 8+u2/2

where U = ((ap);, pu,pe)” is the set of conservative variables and M is the mixing source term. The choice of
the criterion separating the phase space is of paramount importance, since we must ensure that 7(¢) < Ar. This
method is reminiscent of « hybrid » schemes used in the context of rarefied gas dynamics [1]. The relaxation
scheme aims at enforcing thermodynamic equilibrium after integration of the mixing source term M) coming
from the f> mode of the particle distribution. The positivty of the mixing operator implies an upwinding
in the phase space, so that only a kinetic-to-eulerian flux of particles is possible. Enforcing thermodynamic
equilibirum, for the iso-pressure and iso-temperature closure, means solving one algebraic non-linear system
A.(t,X) = 0 for each numerical cell w, where the mixing occurs, where X = ({p;};,T) are the thermodynamic
unknowns.

NUMERICAL TESTS

We illustrate the method on a two-phase shock tube problem, in which a strong shock at M = 3 interacts with
a cloud of water particles (cf. Fig. 1). In this configuration, the fluid sub-space is defined by particles below a
critical radius, so that @, = { ¢ € ® | r < r.}, since relaxation times get smaller with particles size. This test
is a proof of concept of the method, which is shown to correctly initialize the two-phase mixture model from a
PIC simulation.

t=0.000119 s

5.0e+00 — — 1.0e+03

1.1e+00 I 3.0e+02

FIGURE 1: Simulation of the interaction of a Mach 3 shock wave with a cloud of water particles using the
hybrid scheme (CFL = 0.34 and N = 20 x 10° numerical particles).
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MODELING OF CONTACT LINE DYNAMICS WITH A VOF/EMBEDDED
BOUNDARY METHOD FOR ISOTHERMAL SLOSHING

Pavan Kumar Kirar®*, Jacob Maarek ?, Stéphane Zaleski?

4Sorbonne Université and CNRS, Institut Jean Le Rond d’ Alembert UMR 7190, F-75005 Paris, France

This work presents a validated numerical framework for simulating isothermal sloshing in complex ge-
ometries, developed as part of the HASTA project to support future non-isothermal studies [1]. Utilizing
the Basilisk open-source CFD solver [2], the hydrodynamics are modeled using a finite-volume formula-
tion on adaptive quadtree/octree meshes [3]. The liquid-gas interface is captured via a geometric Volume-
of-Fluid (VOF) method, while complex tank geometries are represented through an embedded boundary
(cut-cell) approach [4].

A key technical contribution of this study is the modification of the contact-line treatment to overcome
numerical pinning in small cut cells [5]. By extrapolating the volume fraction from one cell inside the
fluid domain, an implicit one-cell slip length is introduced. This approach allows the contact line to slide
effectively along the embedded walls without artificial pinning.

The modified scheme is validated against several benchmarks:

* Sessile Droplet Tests: Demonstrates improved equilibrium profiles and reduced orientation-
dependent spreading errors on inclined planes in both 2D and 3D simulations.

» Standard Sloshing Benchmarks: Shows excellent agreement with pressure signals from Rezaei
and Ketabdari (2007) [6] and torque loads compared to STARCCM+ simulations [7].

+ Experimental Validation: Validation against the experimental data of Angel Martin (2013) [8]
covering filling levels of 25%, 50%, and 75% and excitation frequencies ranging from 0.8 to 2.4
Hz, demonstrates the model’s capability to predict periodic sloshing-induced loads with a mean
nRMSE of 6.5%.

The results confirm that this robust VOF/embedded-boundary framework provides a reliable foundation
for the subsequent development of non-isothermal, thermally coupled sloshing simulations involving tank
excitation.
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DEVELOPMENT OF A NON-LINEAR MODEL FOR CROSS BEAM
ENERGY TRANSFER FOR LASER RAY-TRACING IN RADIATION-
HYDRODYNAMICS CODES

L. M. Kleedtke®*, B. M. Haines?, L. Yin?®, K. H. Ma?, D. Chipman?, B. J. Albright®, R. S. Lester®

2 X-Computational Physics Division, Los Alamos National Laboratory
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Accurate modeling of laser energy deposition is critical for capturing hydrodynamic behavior in laser-
driven inertial confinement fusion (ICF) implosions and high energy density (HED) experiments. Cross
Beam Energy Transfer (CBET), a laser-plasma instability that resonantly transfers energy between beams,
fundamentally alters deposition patterns and subsequent implosion dynamics. While CBET is known
to significantly impact ICF experiments and is routinely used as a tool to control implosion symmetry,
existing code models do not reproduce behavior observed in experiments [1]. Modeling laser-plasma
instabilities in complex HED environments presents significant challenges. The commonly employed lin-
ear model is inadequate because CBET nonlinearly influences laser energy transport, altering the plasma
conditions that drive the instability itself. Accurately modeling laser-plasma instabilities thus requires a
self-consistent co-evolution of both the plasma state and the instabilities themselves. Nonlinear effects
lead to deviations of CBET gain from linear theory based on single-Maxwellian distributions and deter-
mine the time-dependent nature and magnitude of CBET gain as the system approaches steady state [2].
We discuss the development and implementation of the nonlinear model described in [2] into the xRAGE
radiation-hydrodynamics code. This work presents a comparative analysis of nonlinear and linear CBET
models to assess their predictive capabilities in capturing CBET. We will present simulations of an ex-
perimental platform specifically designed to directly quantify inner beam CBET at peak power, enabling
isolated measurement of CBET effects [3]. These results will provide crucial insights into the role of
nonlinear physics in CBET modeling and may help resolve discrepancies in current implosion symmetry
predictions.
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INCREMENTAL MESH OPTIMIZATION BY RECONNECTIONS FOR
3D DIRECT ARBITRARY-LAGRANGIAN-EULERIAN SIMULATIONS

M. Klima?*, E. Gaburro?
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ABSTRACT

Moving mesh numerical methods are very useful for representing sharp interface multi-material interac-
tions and naturally adapt the resolution to continuum flow. But after a certain time, ALE computations are
prone to mesh overdeformation and potentially catastrophic tangling especially in high shear or vortical
flow regions. This can be effectively prevented by mesh optimization consisting of vertex smoothing and
reconnection, greatly increasing the robustness of such computations.

We work with the high order ADER-DG numerical scheme on moving Voronoi-like polyhedral meshes
determined by Delaunay tetrahedral generator grids. This method is based on a fully-discrete space-
time conservation formulation of the governing hyperbolic PDE system, utilizing its weak formulation to
integrate a polynomial solution over 4D space-time control volumes [2, 3]. Such control volumes can be
determined for moving polyhedra, but also for regions with changing connectivity (creating degenerate
space-time hole-like elements), given that the reconnections are constrained to transformations with a
uniquely definable and continuous geometrical space-time description. This has been employed in two-
dimensional setting [2] and is recently investigated also in 3D [1]. Examples of such transformations in
three spatial dimensions are the reciprocal 3-2 and 2-3 flips on tetrahedral meshes and their corresponding
dual representation (see Figure 1).

Our mesh optimization algorithm makes use of the fact that every transformation of the tetrahedral mesh
preserving the number of vertices can be expressed as a sequence of elementary flips. The combination
of flip sequences and vertex smoothing is shown to be an effective mesh optimization strategy in practice
(eg. [5]). To avoid an indirect remeshing step or mesh intersections, our mesh reconnections are fully
embedded within the numerical method, having the same accuracy with no recognizable imprinting of
reconnecting operations on the solution. This comes with constraints on the mesh optimization algorithm
— the optimal mesh cannot be reached at once, but following incremental elementary transformations
performed over the course of several succesive timesteps.

The available software tools (eg. [4]), although very capable, usually do not offer the option of per-
forming mesh reconnection on a sequential flip-by-flip basis. Therefore we investigate the possibilities of
performing the required incremental mesh optimization and the properties of such algorithm. We consider
its ability to uphold the mesh quality while not further decreasing the time step, its performance in context
of preventing or removing sliver-type tetrahedra and the interplay of reconnections and mesh smoothing.
We study the influence of algorithm parameters such as the various mesh quality indicators available on
the resulting mesh time development representing vortex-like flows.
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FIGURE 1: Local transformation of a dual mesh (right) corresponding to the 3-2 elementary flip on a tetrahe-
dral mesh (left)
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HOURGLASS CONTROL IN STAGGERED-GRID HYDRODYNAMICS US-
ING VIRTUAL ELEMENT STABILIZATION TECHNIQUES
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| ABSTRACT|

Numerical simulations using the staggered-grid hydrodynamics (SGH) discretization suffer from hour-
glass instabilities. In this work, we develop a stabilization method to suppress the hourglass instabilities
using techniques from the virtual element method (VEM). The stiffness matrix of the VEM consists of
two terms: the consistency matrix which is rank deficient and the stability matrix. We first show that in
two dimensions and on general polygons, the stiffness matrix of the SGH is identical to the consistency
matrix of the linear VEM for both the diffusion equation and the linear elasticity equation. These analyses
explain the origin of the hourglass instabilities of the SGH discretization method, and establish a theo-
retical foundation for our proposed stabilization method by augmenting the stiffness matrix of the SGH
discretization using the VEM stability matrix. Then, we present numerical examples using Lagrangian
SGH simulations. The numerical experiments demonstrate that the proposed VEM stabilization method
is effective at eliminating hourglass modes in the SGH discretization.

INTRODUCTION

In this work we develop a stabilization method to suppress the hourglass instabilities in the staggered-grid
hydrodynamics using techniques from the virtual element method (VEM) [1].

1 LINEAR ELASTICITY

Let u : RY — RY be the vector-valued displacement field, the linear elasticity equation is given as
~V.ou)=f, onQ, (1

where o is the Cauchy stress tensor, and f is a vector-valued forcing term. The Cauchy stress tensor is given
as

o(uw)=A(V-u)l+pu(Vu+vu'), )

where A and u are the Lamé constants, I is the second-order identity tensor.
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1.1 Staggered-grid hydrodynamics

Using staggered-grid hydrodynamics (SGH) to discretize the left-hand-side of eq. (1), we arrive at the fol-
lowing:

NE
Y K 'uy, vi=1,...,N", (3)
j=1

where NFE is the number of nodes in the element E, K %(3? is the element stiffness matrix using SGH, and u; is

the displacement at node ;.

1.2 Virtual element method

Similarly, the stiffness matrix using the virtual element method (VEM) is given by

KM =K O KYDS, j=1,.. NE. @)

Herein, KE/]ZM € and KI\E/];:JM S is the consistency and stability matrix, respectively.

1.3 Major results

In this work, we showed that in two-dimension, the stiffness matrix using the SGH is the same as the
consistency matrix using the VEM.
SGH __ gVEM, C
The matrix KI\E/]?JM € is rank deficient. The stiffness matrix of the SGH KI%?;'[ is not stable and hourglass insta-
bilities can manifest in the simulation because the SGH discretization does not contain the stability contribution

K]\E”::]M S as in the VEM. Our analysis of the SGH and the VEM on the linear elasticity equation is also valid for

general polygons.
We propose to stabilize the SGH using the stabilization techniques in the VEM, namely, KE/];:]M S

1.4 Numerical example

We consider a thick cylinder subjected to a constant internal pressure. The deformed mesh configurations
and the stress profiles at t = 9.3 us using different stabilization techniques are shown in fig. 1.

(a) Mesh without (b) Mesh with VEM (c) Stress without (d) Stress with VEM
stabilization stabilization

FIGURE 1: Deformed mesh (a-b) and stress in the Frobenius norm (c-d) at = 9.3 us using the polygonal
mesh with different stabilization techniques.
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ASSESSING NUMERICAL SCHEMES FOR MULTI-VELOCITY MULTI-
PHASE COMPRESSIBLE MODELS
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ABSTRACT

When simulating multi-velocity multiphase compressible flows, very few comparative studies of numer-
ical schemes exist. This lack is primarily due to intrinsic mathematical difficulties of the total-non-
equilibrium model (Baer—Nunziato model without closure laws and relaxations terms). The model gener-
ates numerous sub-models due to its underdetermination, requiring assumptions on interfacial quantities,
such as u; and p;. Moreover, the phase equations for volume fraction, mass, momentum and total en-
ergy are non-conservative, and the associated non-conservative products involve ill-defined terms, as they
correspond to products of discontinuous functions that cannot be interpreted in the classical sense of
derivative.

Consequently, most numerical schemes developed over the past three decades rely on different modelling
assumptions, which complicates their comparison. Early work by Saurel and Abgrall introduced the
HLL [1], followed by the Discrete Equations Method (DEM) [2], the HLLC of Fufaro & Saurel [3] and
the HLLAC of Lochon et al. [4].

In this context, we propose to establish a set of discriminating test cases that impose convergence toward a
common model, allowing meaningful differentiation between schemes. We aim to assess the discretisation
of non-conservative products of existing methods and to recover the expected physical behavior in limiting
configurations.

Figure 1 illustrates a shock tube containing two identical phases. Gradients of the volume fraction are
non-zero only at the interfaces, resulting in non-zero non-conservative products. Since both phases are
identical, this configuration enables the assessment of the discretisation of non-conservative terms in-
dependently of any closure effects. It therefore constitutes a particularly discriminating test case for
evaluating the ability of numerical methods to recover the single-phase limit.

It is observed that all methods, except the DEM, generate a spurious wave upstream of the shock. A clear
hierarchy is observed, with DEM providing the most accurate results, followed by HLLAC, HLLC, and
finally HLL, which exhibits the largest deviations.
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FIGURE 1: Two-phase (air—air) shock tube with non-constant volume fractions — & =0.9/0.1. Air is modelled
as a perfect gas, p = (y— 1)pe, where y = 1.4. Uniform densities p,;; = 1kgm~3 and velocities u,;; = 0ms™!
are imposed on both sides, with a pressure discontinuity defined by pair 1 = 107Pa on the left and Dair,R = 10°Pa
on the right. The computation is carried out in one dimension on a Cartesian mesh of 10° cells, using a first-
order scheme with non-reflecting boundary conditions. The solution is evaluated at the final time t = 10™%s
and CFL = 0.8. The reference solution, labeled ‘exact’, is the exact solution of the Euler equations, while the
others correspond to the previously mentioned methods.
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VALIDATION OF A HYBRID HIGH-EXPLOSIVES BURN APPROACH IN
LANL MULTIPHYSICS APPLICATIONS
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In this work, the authors validate a hybrid programmed-reactive high explosives (HE) burn approach
against insensitive HE detonation experiments. Three Multiphysics applications are considered: XRAGE,
which solves governing equations on an adaptive Eulerian grid, Pagosa, which performs calculations on
a fixed Eulerian mesh, and FLAG, which leverages the finite element method on a Lagrangian mesh. The
programmed burn models considered are the Fast Sweeping Detonation (FSD) model (xRAGE, Pagosa)
and the Detonation Shock Dynamics (DSD) model (FLAG). Both programmed burn approaches are aug-
mented with the Dynamic Small-Resolved Energy Release (DASHER) model to ensure consistency be-
tween pre-computed detonation velocities and the local thermodynamic state.

INTRODUCTION

Programmed burn models, such as the Detonation Shock Dynamics (DSD) and Fast Sweeping Detonations
(FSD) models, are often used for high explosives (HE) burn calculations due to their computational efficiency
compared to reactive burn models. Scenarios in which the pre-computed detonation velocity (D,) substantially
deviates from the Chapman-Jouguet (CJ) velocity of HE material can yield thermodynamically inconsistent
states, which can manifest as unphysically-high pressures in the vicinity of reflected shocks in HE burn calcu-
lations. This type of scenario is of particular concern for insensitive high explosives (IHEs), whose detonation
behavior is sensitive to the boundary conditions of the HE material. The Dynamic Small-Resolved Energy
Release (DASHER) model avoids thermodynamic inconsistencies by setting the reaction progress variable at
the detonation front to a value consistent with the local detonation velocity [1] then and applying a reactive
burn rate law post-detonation. This approach preserves the energy released by conversion of HE reactants to
products and creates a reaction zone tail in behind the detonation front when D,, < D¢y; this effect can be seen
by visualizing computed pressure at the detonation front (Figure 1b)

PRELIMINARY VALIDATION RESULTS

In the work to be presented the authors will validate the programmed burn models augmented with DASHER
in XRAGE, Pagosa, and FLAG Multiphysics applications against IHE detonation experiments. One of the
experiments to be considered is CYCLOPS I [2], which consists of an IHE main charge confined by an outer
cylindrical steel jacket and an inner elliptic tin shell. A booster charge consisting of conventional HE is used
to light the main IHE charge. A diagram of the experimental system is given in In Figure 1a. Photon Dopgler
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FIGURE 1

Velocimetry (PDV) data collected during the CYCLOPS I experiments is compared to XRAGE computations
with and without DASHER enabled (Figure 2).
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FIGURE 2: Experimental velocity of the steel case (solid black line) compared to XRAGE computations with
DASHER enabled (solid green line) and disabled (dashed orange line).
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INTERFACES ON A HIGH-ORDER MESH

S. Merton *
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We have developed a high-order hydrodynamics kernel for making first assessment of the use of high-
order schemes in some of our applications. To make a deeper assessment, we are interested in using the
high-order kernel in multi-material problems that require a sharp interface tracking scheme on material
boundaries. An existing interface scheme is available [1, 2] but it uses straight edges and is designed for
low-order (pp) cells. It is not obvious how to extend this scheme to capture curved interfaces on high-
order meshes. However, it may be possible to utilise it on a refined low-order mesh with volume fractions
that have been mapped down from the high-order mesh. A Low-Order Refined (LoR) method [3, 4, 5] is
investigated for relevance in this approach.

INTRODUCTION

The current work is concerned with a pure Lagrangian frame in which all mesh nodes move with the fluid
velocity. Conserving momentum, energy and mass in this frame gives

p() ) = —v.(r)

o2 — —o(r): Vu(r)
1 dp(r) _

p(r) ot —V-ulr)

where p(r), u(r) = (ux(r),uy(r)) and e(r) are defined as the density, velocity and energy at position r(x,y)
in the fluid at time t. o(r) = —I(EOS(p,e)) + 6 is a stress tensor in which I is the identity matrix. & is a
matrix containing (for example) strength terms or an artificial viscosity tensor. We discretise these equations
with a high-order finite element method similar to that introduced in [6, 7]. An initial assessment in some of
our applications has shown this approach can improve robustness, stability and fidelity in simple calculations.
We are now interested in making a deeper assessment in multi-material problems which require interfaces to
be tracked with minimal dissipation and without introducing excessive diffusion. In the approach we consider,
a volume fraction field in a multi-material problem is mapped down from the high-order mesh on to a refined
low-order mesh (p;) by applying a LoR transform. This is done after completing a Lagrangian step on the
high-order mesh. The low-order mesh is refined such that it has the same number of DoF as the high-order
mesh. We assess whether an existing interface scheme can be deployed on the low-order refined mesh and # i
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can use the mapped-down volume fractions to compute volume fluxes. It may be possible to map these back to
the original high-order mesh, for example by reversing the LoR transform, where they might be used to attempt
an ALE step.
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ABSTRACT

In multi-material Eulerian simulations, material advection depends on the order in which materials are
processed, commonly referred to as material priority. This ordering is typically specified a priori by
the user based on problem geometry, but simulation results can be highly sensitive to this choice and
may exhibit unphysical behavior if priorities are poorly selected. This work introduces a method for
dynamically assigning material priorities on a per-cell basis using reconstructed interface geometry and
local flow direction. Material centroids are computed from volume fractions and ordered according to
their distance from the downwind cell vertex, ensuring consistency with the direction of advection. The
method is evaluated on canonical advection problems, including the ball and jacks, and applied to a shaped
charge jet impacting a flat plate.

INTRODUCTION

Accurate advection of multiple materials across computational cells is a fundamental component of modern
Eulerian hydrocodes. In many multi-material methods, the advection order is prescribed a priori by the user
based on problem geometry. During interface reconstruction, materials are recursively combined in priority
order, reducing an N-material cell to a sequence of two-material problems. This assumes the chosen ordering
is consistent with the local material configuration and flow direction.

However, material priority can strongly influence simulation results. If the ordering is non-monotonic with
respect to the local flow direction, interface reconstruction may become inconsistent with the flow, leading to
non-physical material advection. These errors are often difficult to detect and can degrade solution quality.

To address this, we propose a method for dynamically assigning material priorities locally in each cell. Ma-
terial centroids are computed from volume fractions, and priorities are assigned by ordering materials according
to their distance from the downwind cell vertex. The material closest to the downwind direction is assigned
highest priority, aligning the ordering with the local flow.

METHOD

Interface reconstruction from volume fractions is the first step in multi-material advection in the hydrocode
Pagosa [1]. The code employs Youngs’ method, in which interface normals are computed from volume fraction
gradients and planar interfaces are reconstructed within each mixed cell [3].

*Correspondence to vnarayanan@lanl.gov
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For cells containing more than two materials, materials are recursively combined in priority order, reducing
the problem to a sequence of two-material reconstructions (Figure 1). The highest priority material is recon-
structed first, followed by reconstruction of interfaces between the combined lower-priority materials.

This approach assumes that the prescribed priority ordering is consistent with the local material arrangement
and flow direction. If the ordering is non-monotonic with respect to the flow direction, reconstructed interfaces
may be inconsistent with the true configuration, leading to errors in material advection.

To address this, we introduce a dynamic priority assignment strategy. Material centroids are computed
from volume fractions, and priorities are assigned by ordering materials according to their distance from the
downwind cell vertex (Figure 2). The closest material is assigned highest priority, with remaining materials
ordered by increasing distance.

This produces a monotonic ordering aligned with the flow direction and improves the consistency of inter-
face reconstruction.

RESULTS

The proposed dynamic priority method is evaluated on canonical advection test problems, including the ball
and jacks, where it preserves interface structure under complex deformation.

The method is also applied to a shaped charge jet impacting a flat plate. This problem highlights a key
limitation of static priority schemes: priorities that accurately capture jet formation can degrade solution quality
during jet—target interaction. The dynamic approach adapts locally to the evolving flow, improving robustness
without requiring user intervention.
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AN APITALI APPROACH FOR LAGRANGIAN SCHEMES ENFORCING
THE DISCRETE ENTROPY GROWTH FOR EULER EQUATIONS
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ABSTRACT

High-order numerical schemes are increasingly used for simulating compressible flows due to their ability
to capture fine-scale features with high accuracy. However, ensuring physical fidelity in these schemes, partic-
ularly in the presence of shocks and discontinuities, remains a significant challenge. One critical aspect is the
discrete entropy growth which is essential for maintaining the thermodynamic consistency of numerical solu-
tions. Entropy is the nonlinear stability criterion for Euler equations and is generally not used in MOOD and
APITALI methods. In this study, we explore the application of the APITALI (A Posteriori ITerAtive LImiter)
method to address entropy variation issues in the GAIA scheme (see [3]) for solving Euler equations in pure
Lagrangian coordinates, making our method invariant-domain preserving.

The APITALI method (see [2]) is an a posteriori limiter method. In this work, we use it to enforce en-
tropy stability by adaptively adjusting high-order fluxes based on local entropy growth. This method applies
to incomplete equations of state (EOS) by estimating the variation of entropy. The validity of this approach is
verified with comparison to complete EOS calculation. This strategy ensures compliance with the second law
of thermodynamics and prevents spurious oscillations near discontinuities.

We validate our approach using the challenging Bizarrium test case (see [1]), characterized by non-convex
isentropes and complex shock structures. Without APITALI, high-order schemes such as GAIA with TVD
or Minmod limiters fail to converge or capture the physical solution. With APITALI the schemes converge
robustly, accurately capturing the entropic solution. These results highlight the importance to carefully tune
numerical dissipation to achieve a balance between stability and accuracy.

We also apply the method to multi-dimensional Lagrangian schemes as high-order extensions of Glace
and Eucclhyd. Relevant test problems show that APITALI also performs well in this framework. This work
demonstrates the effectiveness of the APITALI method in ensuring entropy stability for high-order Lagrangian
schemes, particularly for non-convex EOS and complex shock interactions.
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SMASH is a new multiphysics shock-hydrodynamics code developed at Sandia National Laboratories.
It solves the multimaterial compressible Euler equations with material strength using a block structured
adaptive mesh refinement (AMR) grid. The Lagrange step uses a staggered finite element spatial dis-
cretisation and a midpoint predictor-corrector time integration method with artificial viscosity for shock
capturing. Remap is based on the compatible total energy conservation method of Burton et al. [1]. Mul-
tiphysics solves use an interface-aware sub-cell integration method in an attempt to approach body-fitted
accuracy on a Cartesian grid. Additionally, we use the shifted boundary method to apply Dirichlet bound-
ary conditions on material surfaces inside mixed material elements. SMASH has been designed from
the ground up for performance portability and in particular takes advantage of GPUs and SIMD vector
instructions on CPUs. We present details of the numerical methods, computational infrastructure, and
initial results on terminal ballistics problems and verification results for elliptic solves with the shifted
boundary method.
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ABSTRACT

INTRODUCTION

The numerical diffusion of the liquid—vapour interface over several mesh cells is inherent to many two-
phase modelling approaches, such as Euler—Euler, algebraic Volume Of Fluid (VOF) and phase-field methods.
The presence of a diffuse interface complicates the accurate modelling of phase change, which is physically a
phenomenon localised at the interface.

To improve the accuracy of phase change modelling in this context, one approach is to first calculate the
phase change flux per unit area at the interface position reconstructed via an isocontour. This source term is then
redistributed over the thickness of the diffuse interface, yielding a phase change term per unit volume. Hardt
and Wondra [1] were the first to introduce this method. It was subsequently adopted in several computational
codes, such as OpenFOAM [2] (VOF) and NEPTUNE_CFD [3] (Euler—Euler). Loiseau et al. [3] demonstrated
that this approach provides significantly improved mesh convergence and accuracy compared to methods that
directly compute a volumetric phase change term.

The redistribution method proposed by Hardt and Wondra consists in solving a diffusion equation of the

form:
or

ot
A;

where I represents the rate of phase change per unit volume, which is initialised to 7i27}. i1 corresponds to the
rate of phase change per unit area, and A; to the interfacial area reconstructed on a control volume of size V. This
approach introduces two parameters that control the diffusion thickness: the coefficient D and the resolution
time of the partial differential equation. Their calibration is delicate and does not guarantee a distribution of the
source term consistent with the thickness of the diffuse interface.

= DAT, M

REDISTRIBUTION METHOD

In this work, we propose a new method to redistribute the surface mass flux 72 [kg/m?/s] into a volumetric
source term I" [kg/m3/s]. This approach is inspired by immersed boundary methods used to distribute surface
forces [4].
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Let A denote the interfacial area, and let x4 € A be a point on this surface. Mass conservation then implies:
(x) = / 1in(xa) 8 (x — x4) dA. @)
A

The Dirac 0 distribution is approximated by a regularisation kernel K, which is decomposed into a normal
component and a tangential component at the reconstructed interface as follows:

K(x —xa) = Ky(dy) Ki(dy), (3)

where d, = (x —x4) -7 and d, = (x —x,) - 7 are the distances projected along the normal and tangent to
the interface, respectively. The normal component K, is constructed from the volume fraction profile of the
diffuse interface and is evaluated at every time step. The tangential component K; is chosen such that analytical
integration is possible on each segment resulting from the reconstruction of the interface.

VALIDATION

The proposed method allows for a more accurate redistribution of the surface source term, in accordance
with the geometry of the interface. This strategy has been implemented in a non-thermal-equilibrium Euler-
Euler model (in the TRUST code [5]) and validated on the one-dimensional Stefan problem using the properties
of liquid water and steam, with a wall temperature set at 125 °C. Figures 1 (a) and (b) show the interface position
and the relative error in the interface position, respectively, as a function of time. The proposed method yields a
significantly lower error compared to the results obtained by Loiseau using the NEPTUNE_CFD code [6] at the
same mesh resolution. Preliminary two-dimensional simulations are ongoing and exhibit encouraging results.
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FIGURE 1: Interface position (a) and relative error (b) as a function of time for different meshes, compared
with the analytical solution and the results from Loiseau [6].
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MATHEMATICAL AND NUMERICAL STUDY OF OPTIMIZED NAVIGATION
IN STRATIFIED WATERS
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This work investigates the dead-water phenomenon, a hydrodynamic effect that can slow down ships
navigating in stratified fluids due to the generation of internal waves at the interface between two layers
of different densities, thereby creating additional resistance to the vessel’s motion [1]. The aim is to
model and analyze these waves by combining theoretical and numerical approaches. We develop a linear
model of ship motion in a two-layer stratified fluid, in which the ship velocity is variable. A spectral
version of the model, including a Rayleigh damping term, is studied. We prove that the associated Cauchy
problem admits a unique solution when the velocity and the initial conditions are sufficiently regular [2].
The case of constant velocity is analyzed, highlighting the existence of a critical speed that separates
two dynamical regimes and plays a central role in wave propagation at the interface between the two
fluids [3]. For the numerical method, we use a scheme based on the discrete Fourier transform in space
and an exponential integrator in time [4], reducing numerical dissipation and dispersion. One- and two-
dimensional simulations illustrate the theoretical results. If time permits, we will also introduce optimal
control results. In this context, the aim is to minimize internal waves caused by the passage of the ship,
while ensuring that the ship reaches its destination.
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SHOCK-INDUCED TRANSITION FROM UNIFORM TO JETTING BUBBLE
COLLAPSE IN LIQUIDS
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ABSTRACT

We examine the conditions under which a gas bubble embedded in a shocked liquid collapses quasi-
uniformly or develops a re-entrant jet. The central hypothesis is that collapse morphology is governed
by the ratio of the shock—bubble interaction time, T;, to the inertial collapse time, .. When 7;/7, < 1,
the bubble experiences an effectively uniform pressure loading and collapses nearly spherically; when
7;/T. = O(1) or larger, finite shock-transit effects generate strong asymmetry and jet formation. Using
a Rayleigh-type estimate for 7, and the Rankine—Hugoniot jump conditions for the shocked liquid, we
show that for bubbles larger than a minimum radius set by surface tension, the timescale ratio depends
primarily on the shock jump conditions and becomes small only for weak shocks. Two-dimensional
inviscid simulations will be used to map this transition from acoustic/weak-shock loading to strong-shock
jetting, and to quantify the work required for collapse. An analytical model for uniform adiabatic collapse
is developed as a baseline and compared with non-uniform simulations, showing that jetting introduces
an excess energetic cost associated with asymmetric deformation and jet formation.

INTRODUCTION

Shock-driven collapse of gas cavities in liquids exhibits a transition from nearly spherical compression to
strongly asymmetric collapse with a high-speed re-entrant jet. This problem is relevant to cavitation dam-
age, shock focusing, and the response of heterogeneous liquids and fluid-filled porous materials subjected to
impulsive loading [1, 3, 4]. In addition to controlling local deformation and hot-spot formation, bubble dynam-
ics influence the effective compressibility and wave structure of bubbly media, making collapse morphology
important for both mesoscale mechanics and continuum-scale shock response [2].

The present work focuses on identifying when a shocked bubble behaves as though it were subjected to an
approximately uniform pressure rise and when finite shock-transit effects instead drive jetting. Our central idea
is that the relevant regime boundary can be organized using the ratio of the shock—bubble interaction time to
the inertial collapse time. Surface tension introduces a lower size limit below which the collapse becomes size
dependent, while for sufficiently large bubbles the transition is governed mainly by the shocked-liquid jump
conditions. This framework motivates a set of two-dimensional inviscid simulations spanning weak to strong
shocks and provides a physically transparent way to connect shock strength, bubble size, collapse symmetry,
and collapse energetics.

*Correspondence to jregele @lanl.gov

MULTIMAT

204 BIARRITZ



COLLAPSE CRITERION AND ENERGETIC ANALYSIS

Let Ry denote the initial bubble radius, U; the shock speed in the liquid, and Ap = p; — po the pressure jump
across the incident shock. We define the shock—bubble interaction time as

2Ro

T~ Ug"

(1

and estimate the inertial collapse time using a Rayleigh-type scaling,

/ P
-~0915Ry, | —————, 2
K 0 Ap+26/Ry @

where py is the liquid density and o is the surface tension. Uniform collapse is expected when
Ti e
= T < 1, while jetting is expected when IT= O(1) or larger. 3)
C
Using the liquid Rankine—Hugoniot relation
Ap
po(1=po/p1)’

2 Po 20 172
I~ G915 [(1_1)1) (I_RoApﬂ ' )

Equation (5) shows that surface tension matters only when 20 /Ry is comparable to Ap, giving a minimum size
scale

U=

N

4)

we obtain

20
Ruin ~ Ap . (6)
For Ry >> Rpin, the collapse criterion depends primarily on the shock jump conditions. Since 1 — pg/p; is small
only for weak liquid shocks, Eq. (5) predicts that uniform collapse is restricted to weak shocks or acoustic-wave
loading, whereas stronger shocks favor jetting.

An energetic analysis will be presented in terms of the work required to drive the bubble from its initial state
to its minimum volume. A uniform-collapse model provides the baseline estimate for the reversible compres-
sion work, while the simulated non-uniform collapses are used to determine the additional work associated with
asymmetric interface deformation, lateral momentum redistribution, and jet formation. In this way, the analysis
separates the work needed for idealized spherical compression from the excess energetic cost of jetting.

PLANNED SIMULATIONS AND EXPECTED OUTCOMES

Two-dimensional inviscid simulations will be performed over a range of shock strengths chosen to span
IT< 1 toIT=O(1). The calculations will test the proposed regime boundary, quantify the onset of non-uniform
collapse, and measure how the additional work needed to form a jet grows with increasing shock strength.
We expect the results to show that bubbles collapse nearly uniformly only for weak shocks or acoustic-wave
loading, whereas stronger shocks produce increasingly asymmetric collapse and a larger excess energetic cost.
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AUTOMATED INVERSE DESIGN AND OPTIMIZATION
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INTRODUCTION

Gradient-based optimization has transformed modern machine learning by enabling efficient training of
models with extremely high-dimensional parameter spaces. A similar revolution is now within reach for
scientific computing, where multiphysics simulation codes could be used not only for forward prediction,
but for automated inverse design, sensitivity analysis, and in-situ uncertainty quantification (UQ). However,
obtaining accurate and scalable gradients from multiphysics ALE simulation codes remains challenging due
to their complex computational graphs, tightly coupled physics modules, nonlinear material models, and
the use of adaptive/moving meshes. Current gradient-free approaches for inverse design and calibration
in multiphysics settings typically require ensembles of up to O(100K) simulations and scale poorly with
parameter dimension, effectively limiting practical design spaces to O(10) parameters. We will present a
new research initiative at LLNL to develop and demonstrate differentiable multiphysics codes that enable
adjoint-based “back-propagation in time” for large-scale optimization problems with up to O(1M) design
parameters.

Our approach leverages structure inherent in high-order finite element discretizations to make automatic
differentiation (AD) practical for high-performance computing (HPC). Rather than differentiating an en-
tire MPI-parallel simulation as a monolithic black box, we use the Finite Element Operator Decomposition
(FEOD), which expresses nonlinear operators in a form that separates topology-dependent transformations
from pointwise nonlinear physics evaluations at quadrature points [1]. This decomposition enables pushing
differentiation to the innermost, local operator component, dramatically reducing memory overhead and im-
proving GPU performance. We build on the emerging JFEM interface in MFEM, pairing partial assembly
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(PA) techniques with compiler-level AD via Enzyme [2], which operates on the LLVM compiler’s inter-
mediate representation and can generate efficient forward- and reverse-mode derivatives without invasive
code rewrites. The resulting framework aims to expose key derivative operations needed for optimization
and adjoint workflows, including Jacobian-vector products (JVPs), vector-Jacobian products (VIPs), and
derivatives of quantities of interest (Qols), with performance portability across CPU and GPU architectures
(CUDA/HIP).

We are developing adjoint methods for multiphysics on moving ALE meshes for multimaterial, com-
pressible shock hydrodynamics [3] and thermal radiative transfer with matter-energy coupling. Key chal-
lenges and research directions for ALE multiphysics include developing robust approaches for nonsmooth
physics, such as min/max operations and absolute values, using regularization, smoothing, or subgradient
methods. This includes extending gradient computations for multimaterial closure models and enabling
shock capturing with differentiable artificial viscosity. Another priority is developing gradient enabled
ALE remap methods, including differentiable re-meshing and bounds-preserving ALE remap, and assess-
ing whether it’s possible to remap gradients directly rather than computing gradients of remap operators.
Finally, we consider the case of dynamic checkpointing to reduce reverse-mode adjoint memory costs for
time-dependent simulations. We are making progress on all these fronts, and we highlight the current state
in this work.
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EXTENSION TO PLASTICITY OF A FINITE-VOLUME UPDATED-
LAGRANGIAN METHOD FOR FLUID-STRUCTURE INTERACTION

T. Chantrait®?, A. Gangloff*¢, E. Labourasse ab (. Serraille 9%,

2CEA DAM DIF, F-91297 Arpajon, France.
b Laboratoire en Informatique Haute Performance pour le Calcul et la Simulation (LIHPC),
Université Paris-Saclay, CEA DAM DIF, F-91297 Arpajon, France.
¢ Institut de recherche en génie civil et mécanique (GeM) Nantes Université, CNRS UMR 6183, France.
d Université Paris Saclay, Université Paris Cité, ENS Paris Saclay, CNRS, SSA, INSERM, Centre Borelli,
F-91190, Gif-sur-Yvette, France.

We extend an updated-Lagrangian solver for the hyperelasticity system to plastic flows. To this end,
we adopt a multiplicative decomposition of the deformation gradient and derive a plastic flow equation
from thermodynamic constraints. Two models are proposed to enforce the von Mises yield criterion, both
relying on a splitting between the purely elastic evolution and the enforcement of the plastic constraint.
The first method, referred to as the relaxation approach, is based on a relaxation algorithm (see,
e.g., [6, 11]). The second method, referred to as the projection approach, consists in a projection of
the stress state onto the von Mises yield surface. In the relaxation method, the stiffness induced by the
relaxation is handled using an exponential integration technique. In the projection method, the constitu-
tive law is inverted using a fixed-point algorithm, and the deformation gradient is updated through a polar
decomposition.

These methods are embedded into a second-order accurate partitioned numerical framework for the sim-
ulation of fluid—structure interaction problems [3, 4]. Under standard definiteness assumptions inherited
from both the fluid [5, 9] and solid [2, 8] discretizations, the resulting coupled system is well-posed and
admits a unique solution.

The relaxation and projection approaches are first compared on a one-dimensional test case. Then, a
series of numerical experiments in two and three space dimensions, focusing on the projection method,
demonstrates the robustness of the approach for various constitutive laws, including cases with strain
hardening. Comparisons with well-established reference codes (ABAQUS [10], EUROPLEXUS [1], and
HERA [7]) are provided to assess the accuracy and overall performance of the method.
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finite-volume updated-lagrangian methods applied to fluid—structure interaction. International Journal
for Numerical Methods in Engineering, 126(11):¢70051, 2025.

[4] T. Chantrait, N. Chevaugeon, A. Gangloff, and E. Labourasse. Arbitrary-order sub-cycling strategy ap-
plied to a finite-volume updated-Lagrangian second-order method for fluid-structure interaction. submit-
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Lagrangian scheme. Journal of Computational Physics, 229(24):9092-9118, 2010.

[9] P-H. Maire, R. Abgrall, J. Breil, and J. Ovadia. A cell-centered Lagrangian scheme for two-dimensional
compressible flow problems. SIAM Journal on Scientific Computing, 29(4):1781-1824, 2007.
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A STRUCTURE-PRESERVING HIGH-ORDER MATRIX-FREE
FINITE ELEMENT METHOD FOR HYPERBOLIC PROBLEMS
Svetlana Tokareva®*, Matthias Maier®, Eric Tovar®

2 Los Alamos National Laboratory, Los Alamos, NM, USA
b Texas A&M University, College Station, TX, USA
¢ Xcimer Energy, Denver, CO, USA

Many multiphysics applications require high-order, physically consistent and computationally efficient
discretizations of hyperbolic PDEs. In this talk, we will present a new mass-matrix-free finite element
(MF-FEM) scheme, which provides an explicit and arbitrary high order approximation of the smooth so-
lutions of the hyperbolic PDEs both in space and time. The design of the scheme allows for an efficient
diagonalization of the mass matrix without any loss of accuracy. This is achieved by coupling the FEM
formulation with a Deferred Correction (DeC) type method for the discretization in time. The advantage
of such a matrix-free approach consists in preserving a compact approximation stencil even at high orders,
which reduces the computational cost compared to classical finite element techniques and provides po-
tential benefit for exascale computing on future computer architectures. We have assessed our method on
several challenging benchmark problems for one- and two- dimensional Euler equations and the scheme
has proven to be robust and to achieve the theoretically predicted high order of accuracy on smooth so-
lutions. We will discuss how structure-preserving properties of the proposed MF-FEM method can be
enforced using convex limiting for blending the high-order and low-order element residuals, and show-
case the method using benchmark problems for compressible Euler, shallow water, and Navier-Stokes
equations.

REFERENCES

[1] R. Abgrall, P. Bacigaluppi, S. Tokareva. High-order residual distribution scheme for the time-dependent
Euler equations of fluid dynamics. Computers & Mathematics with Applications, vol. 78, 2019

[2] J.-L. Guermond and B. Popov. Invariant domains and first-order continuous finite element approximation
for hyperbolic systems. STAM J. Numer. Anal., vol. 54, 2016.

[3] M. Maier and M. Kronbichler. Efficient parallel 3D computation of the compressible Euler equations
with an invariant-domain preserving second-order finite-element scheme. ACM Transactions on Parallel
Computing, vol. 8, 2021.
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ADVANCES IN DAMAGE MODELING WITH SMOOTHED PARTICLE HY-
DRODYNAMICS

Paul Tsuji b Robert Carson ?, Matt Nelms °

b [ awrence Livermore National Laboratory, 7000 East Avenue, Livermore, CA 95550.

ABSTRACT

The simulation of material fracture and fragmentation for ductile metals is a complex process that is highly
sensitive to the numerical method or scheme, mesh resolution, material models, and spatial perturbation
of damage or strength parameters introduced for stochastic behavior. The choice made in each of these
areas can significantly impact the qualitative nature of the solution, which could lead to fundamentally
different results. With respect to material models, a particular area of interest is the lode angle dependence
on material failure, something that is often observed in the high strain-rate fragmentation experiments of
different geometries such as rings, cylinders, and hemispherical shells. The usage of a non-convex yield
surface can also be important in capturing the anisotropic nature of the material, something that is not
observable with the traditional J2 yield surface. The development of analytic perturbation models to
emulate the stochastic behavior of fragmentation can be adapted from fields such as turbulence, where
seeding initial conditions are key to avoiding mesh imprinting and resolution dependence. Finally, the
choice of modeling parameters in the smoothed particle hydrodynamics (SPH) scheme and finite element
erosion criteria can greatly affect the overall fragment statistics. This work surveys some advances in
damage modeling made in ALE3D, an Arbitrary Lagrangian-Eulerian hydrodynamics code with the SPH
capabilities of Spheral developed at Lawrence Livermore National Laboratory (LLNL).

REFERENCES
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STUDY AND DEVELOPMENT OF A FINITE VOLUME METHOD ON MOV-
ING MESHES FOR THE NUMERICAL SIMULATION OF HYPERSONIC
FLOWS AROUND DEFORMABLE BODIES

Raphaél Loubere?, Pierre-Henri Maire®, Simon Peluchon®, Pierre Valax 2b*

2 Institut de Mathématiques de Bordeaux (IMB), UMR 5251, Université de Bordeaux, CNRS, Bordeaux INP, F33400,
Talence, France
b CEA CESTA, 15 Avenue des Sablieres, Le Barp, France

This work addresses the development of robust and accurate numerical methods for the simulation of
multidimensional hypersonic flows, with a particular focus on applications involving deformable bodies
such as atmospheric re-entry vehicles. In such contexts, the strong coupling between flow dynamics and
evolving geometries poses significant challenges for standard computational approaches. The present
study aims to contribute to this field by combining advanced Finite Volume techniques with moving mesh
strategies within the Arbitrary Lagrangian-Eulerian (ALE) framework.

1 INTRODUCTION

The present work is part of the study and development of numerical methods dedicated to the simulation
of multidimensional hypersonic flows. Such flows are typically encountered during the atmospheric re-entry
of space vehicles. They are characterized by the presence of strong shock and expansion waves, as well as
extremely high levels of pressure, temperature, and heat flux [1]. For these applications, the robustness and
accuracy of the underlying numerical methods are of paramount importance.

A particularly robust Finite Volume method has been developed for unstructured meshes [3], which greatly
facilitates its application to complex geometries. This method relies on the construction of numerical fluxes
at interfaces derived from approximate Riemann solvers that preserve positivity and ensure entropy stability.
More recently, this approach has been extended to a multipoint scheme [5], in which conservation is enforced
at mesh nodes rather than across cell interfaces. This strategy is inspired by methods originally designed for
equations in a Lagrangian framework [6].

2 ALE FRAMEWORK
2.1 Context

During atmospheric re-entry, the geometry of a space vehicle may evolve for at least two reasons: thermal
protection system ablation and the presence of moving components such as control surfaces. In all cases,
accounting for time-dependent geometric deformation requires the use of a moving mesh in order to track these

(S. Peluchon), pierre.valax @u-bordeaux.fr (P.Valax)
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changes. This leads naturally to the implementation of a Finite Volume method on moving meshes, commonly
referred to as the Arbitrary Lagrangian—Eulerian (ALE) method in the literature [4]

2.2 Governing equation

. This approach is based on a formulation of the conservation laws of fluid mechanics that lies between the
Lagrangian and Eulerian descriptions, whose conservative form reads

%U +Vy - (JF-UewM ") =0 (1)

X

where U denotes the vector of conservative variables, [ the flux tensor, M the spatial transformation Jaco-
bian, and J its determinant.

This equation is derived by introducing a mapping between the reference domain (with coordinates )) and
the spatial domain (with coordinates x), as illustrated in Figure 1.

Within the ALE framework, the mesh velocity w is a free parameter. This flexibility makes it possible
to benefit from the advantages of the Lagrangian description, in particular the exact representation of mass
convection without numerical diffusion, i.e., the ability to track material interfaces without resorting to subcell
reconstruction techniques. At the same time, it allows one to mitigate its drawbacks, such as severe mesh
distortions that may lead to loss of convexity or even mesh tangling.

The objective of this work is to develop a multipoint scheme within the ALE framework and to define
relevant mesh motion criteria for applications to atmospheric re-entry vehicles.

Lagrangienne framework Eulérienne framework

ALE framework

FIGURE 1: Description of the transition between the Eulerian, Lagrangian, and ALE domains.
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A STABILIZED SCHEME FOR THE SIMULATION OF TWO IMMISCIBLE
AND COMPRESSIBLE FLUIDS.

L. Monasse?® A. Vieira?®*,

4 Université Cote d’ Azur, Inria, CNRS, LJAD, EPC ACUMES, 06902 Sophia Antipolis, France

In this work we develop a stabilized scheme for the simulation of a mixture of two fluids, supposed
immiscible and compressible. The interface between these two fluids is tracked using a level-set function
and a cut-cell scheme defines the balance in split cells. During the presentation, we will show how we
define this numerical stabilized scheme and some numerical results.

INTRODUCTION

The simulation of the interaction of two fluids is the subject of numerous studies, and several methods
were developed for this purpose. A first approach consists in schemes developed to capture to a given degree
of accuracy the contact discontinuities found in the underlying hyperbolic model [2]. The drawback of these
approaches are the numerical diffusivity induced on contact discontinuities. To overcome this drawback, the
sharp interface methods were developped. We cite for instance the ALE approach, where the mesh if deformed
to follow the discontinuities [6] ; the tracer methods, where the interface is followed in a Lagrangian framework
[3] ; and the reconstruction methods, where the interface is reconstructed using an implicit description [4]. Our
method stands in this latest family. The interface is tracked implictely using a level-set function which acts as
a signed distance to the interface ; each phase is either on the positive or the negative side of the O-level. Using
this distance function, one can rebuild the interface in each cell (albeit being possibly discontinuous between
two cells), and apply a cut-cell scheme to update the state of each fluid. This method has been used several
times, often with great success [5]. However, this method also has a drawback: oscillations will necessarily
appear if the scheme is kept conservative, according to [1].

Thus, we propose here to analyze a scheme where the conservation is sacrificed (to a certain margin) but
ensures the preservation of galilean invariance for an enhanced stability.

MODEL, SCHEME, GALILEAN INVARIANCE

The two fluids are governed by the compressible Euler equations, written in conservative form:

d d d
5PV (pu)=0. = (pu)+V-(pu@utpl) =0, = (pE)+V-((PE+p)u) =0, ¢))

where p is the density, u the velocity and E = e + %|u|2 the total energy. The previous system is equipped with
a thermodynamics closure (equation of state EOS) p = p(p,e) where e is the specific internal energy given by
the perfect gas law with constant ¥ > 1 such that p = (y— 1)pe.
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We will denote U = (p, pu,pE) and F(U) = (pu,pu®u+ pL, (pE + p)u) such that the previous system is
simply written d,U+ V - F(U) = 0. Integrating this system over a cell ® with faces f cut by moving interface
Y% gives the relation

%/@de: —AF(U)~nds—/%(F(U)—UVz)'nd57

where V; is the interface velocity.

In our presentation, we will focus on the interface flux term ¢, = (F(U) — UV;). We will show why this term
is a source of problem for galilean invariance and how we decide to use it to ensure an enhanced stability using
a scheme designed in a space-time cell.
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A STAGGERED GRID VIRTUAL ELEMENT METHOD FOR LAGRANGIAN
HYDRODYNAMICS

S. Walton®*, B. Wagoner?, G. Manzini?
2 Los Alamos National Laboratory, Los Alamos, New Mexico, USA.

The virtual element method (VEM) [1] is a mesh agnostic generalization of the finite element method
(FEM) that can also be seen as an extension of the mimetic finite difference (MFD) method [3]. In this
work, we develop a staggered-grid Lagrangian virtual element method for compressible flow. The scheme
utilizes a conforming global VEM discretization for the kinematic variables and an L? discontinuous
finite element approximation with scaled monomial basis functions for the thermodynamic variables.
The method allows for curvilinear deformations of polyhedral meshes and high-order convergence on
smooth problems. The method is validated against standard compressible flow problems and elastic-
plastic deformation test problems [2].

FIGURE 1: VEM simulation of the triple point problem with quadratic hexagonal elements.
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AIR WATER SIMULATIONS WITH CAVITATION AND EVAPORATION

Simon Wilkinson*
AWE Aldermaston, Reading, RG7 4PR, UK.

ABSTRACT

In this work we develop a thermal equilibrium approach to multi-material simulations involving phase
change. In particular we focus on the scenario when a material which can undergo liquid-vapor phase
transitions (water) interacts with another gas described by an ideal gas (air). Upon mixing with air, the
low partial pressure of water in the gas allows the water to evaporate. The evaporation is associated with
the absorption of heat. We present simulations of air water mixing and evaluate the importance of these
effects.

UK Ministry of Defence © Crown Owned Copyright 2026/AWE

INTRODUCTION

In this paper we will present a numerical investigation of turbulent mixing of air and water. We carry out
implicit large eddy simulation (ILES) calculations by numerical solution of the inviscid Euler equations [1].
The equations are discretized using a finite volume conservative scheme. The algorithm has been implemented
for three dimensional Cartesian structured meshes within the AMReX framework [3] for modern computer
architectures.

AIR WATER MODELING

Water is well known for undergoing phase transitions between liquid and gas phases. The phase diagram
(1) illustrates the stark changes in density between liquid and vapor phases. The large change in density
corresponds to a large enthalpy of vaporization. Fluid flows involving this phase change are therefore also
associated with large amounts of energy release or absorption which consequently affects the flow.

This is particularly apparent in the realm of meteorological forecasting, where the presence or absence of
humidity plays a huge role. In particular the development of storms is linked to the heat release and subse-
quent buoyancy driven updrafts associated with the condensation of water vapor into liquid droplets within the
atmosphere.

Previous work [2] has focused on modeling cavitation of liquid water due to a reduction in pressure. A
single thermal-equilibrium equation of state was developed for the liquid-vapor mixture. Using the assumption
that the liquid and vapor components of the mixture are well mixed (which is contingent on the computational
cell size being larger than the length scale associated with surface tension) it can be assumed that the liquid and
vapor components of the mixture are always in thermal equilibrium. Such an approach to cavitation modeling
has proved to be robust and easy to implement in practice.
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FIGURE 1: The phase diagram of water is illustrated by the density (in kgm~?) as a function of pressure and
temperature. The discontinuity in the density field corresponds to the phase transition between liquid and vapor
phases.

The model as presented in [2] cannot be applied directly to air-water mixtures. This is because liquid water
will evaporate on mixing with a sufficient quantity of dry air. While the partial pressure of water vapor remains
below the saturation pressure then evaporation will continue. Water will thus exist in the vapor phase when
mixed with air even at temperatures and pressures at which pure water will only exist in the liquid phase.

It is therefore reasonable to expect that turbulent mixing of water and air will lead to significant quantities
of water evaporating into the vapor phase, and a corresponding amount of heat will be absorbed.

In this work we present numerical calculations evaluating the effect of evaporation on the dynamics of the
turbulent mixing of air and water.
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